A Multilevel Schemefor the Travelling Salesman Problem

@dystein M. Hjertenes
University of Bergen 2002




Preface

| would like to thank my tutors Fredrik Manne and Noureddine Bhoumaafor suppat and
help. | would aso like to thank my girlfriend Line Carlsen for her suppat and petience,
and Per Otto Hjertenes for his assstancein proofreading my texts.

Thistext is abou the Travelling Salesman Problem. An observant reader would alreadly
now have discovered that | am using travelli ng instead of traveling. This elling
difference mmes from the subtle diff erences between U.K English and U.S English. If
you are interested in more fads abou the name travelli ng and traveling confusion |
would like to refer to the following web site [29], or to [30] whereit is also mentioned.
The picture onthe front page is by Applegate, Bixby, Chvatal, and Cook ,andis
colleded from [31]. The picture shows the optimal tour of the tsp instance d15112from
TSHLIB [25], depicting the shortest tour to travel, if youwant to visit all German citi es.

@. Hjertenes Bergen 2002.



Contents:

PREFACE ... ettt e e e e e e e e et aeeea e s e e e e e e e e e e e e et e e ittt tbnn———aeeeeeeeeenrrnnnnns 2
CON T ENT Sttt ettt ettt e e s smme b 3
CHAPTER OTHE THESIS....o it 7.
A Multil evel Scheme for the Travelling Salesman Problem..............ccooeiiiiiiiiiees 7
SOIVING thE TRESIS. .ottt e e e e e e e e e e aeeer e e e e e e e e e e e e e eeeeeeeerenens 7
CHAPTER 1 THE TRAVELLING SALESMAN PROBLEM ......ooovviiiiiiiiiiiieeeeeee 8
1.1 HISTORY OF THE TRAVELLING SALESMAN PROBLEM ......uiiiiiiiieieiiiiiieieiieeen e 9
1.2 THE TRAVELLING SALESMAN PROBLEM TODAY ...ccuuiiiiiiiieiiiiieeeii s ceeee e e e een s 10
1.3 DIFFERENT TYPES OF TRAVELLING SALESMAN PROBLEMS.......ccooiieeeeiiieeeeeeieiieeen. 11
1.4THE REASONS FOR STUDYING THE TSP...cvuiiiiii i 11
1.5REAL LIFEAND THE TSPttt reee e 12
A Case study: Circuit board construction and bard Cutting:.............cceeeeeeeee. 12
GENOME SEQUENCING ..ottt e eeeeeeeeeeeeeeeesmmmeeeeeaeeeeeeesassssnnnn s ammmreeeessssnnnnnnnnas 13
Starlight Interferometer Program ...............eooiioee e 13
[0 0= o - 13
DNA UNIVErSal SIINGS ...cvvuiiieiiiiiiii ettt e e e et mmme e e e eeens 13
CHAPTER 2 WORKING WITH AND TESTING SOLVERSFOR PROBLEMSIN
N OO P PP PPTTTRRR 14
2.1 THE TRAVELLING SALESMAN PROBLEM - A CHALLENGE TO WORK WITH. ............ 14
DefiNItioN 2.1.0 P e 14
DefiNition 2.1.2 NP ..o e 14
Definition 2.1.3 NP-COMPIEE: ......cvvvieiiiiiiiee e 15
Proving the NP-Completenessof the Travelling Salesman Problem................... 15
2.2\WORKING WITH PROBLEMS THAT CANNOT BE SOLVED WITHIN REASONABLE TIME.
........................................................................................................................... 16
Approximation algorithms and NBUNSHICS .......ueeeiiinieiee e 16
2.3HELD-KARP AND METHODS FOR TESTING THE QUALITY OF A SOLVER..........uunnn... 17
The HeldKarp LOWer BOUN ........cooviiiiiiiiiiiiie et 17
Standard TESt INSLANCES. ... ..uuuuieie i e eee e eieeeis s e e e e e e e e e et mmme e e e e e eeeeeaseennne 18
CHAPTER 3ALGORITHMSAND HEURISTICSUSED FOR SOLVING
TRAVELL ING SALESMAN ....eeiiiiie e eeeeeeeeeeeee ettt e eeeeennee 19
3.1 TOUR CONSTRUCTION HEURISTICS .. .ievtieeitiieeeeiieeeesimmms s e s eatnaesesnnsesesnnessnnneessnns 19
G0 I = TS 1= Ko ] oL T U 19
TR 2 € T o | PRSP 20
3.1.3Clarke Wright and ChristOfideS.........ccceeeeeiiiiiiiieeieeee e 20
3.2L0OCAL SEARCH HEURISTICS AND ALGORITHMS.....ctvtuiieiriieeerinesermmmeenneesesnneeeenns 20
T 2 @ o | ST P PR PRSPPI 21
3.2.2 BOPE. et e e e e e e et et et nnnr e e aaaaaas 21
I @ o V= T - g T 22
3.2.5K-0Pt fOr K>3...oiii e e e s 23



3.3 BACKTRACKING-JUMP .. e ettt ettt et eeee e et et e e et e e e e e et rmmes e en s e an e e anreaneens 24

3.3.1TabU RArCH: ..oveiiiiiii e —————— 24
3.3.2LIN-KerNIGNarm ......cooo e 25
3.3.3 Inulated ANNEAIING: .....ccoeeeeeeeeieiiee e e e e s errn e e e e e e e 25
S A OTHER METHODS. ... tettteteti e ettt e e e emmee s e e et e e e et e e e et emnns e e esa e e e etaeeeesnneeessmmnes 26
CHAPTER 4THE MULTILEVEL SCHEME: ...ttt 27
4.1 THE GENERIC MULTILEVEL SCHEME ...uuiiivtiieieiieeeetieeesnmmesseeeessneesesnneesesnnsmnnn s 27
The Benefits produced by the ML S structure for Optimisation Problems........ 27
Presenting the Generic Multil evel Scheme..............oouviiiiiiiicce, 28
4.2 ADAPTING THE MULTILEVEL SCHEME FOR THE TRAVELLING SALESMAN PROBLEM 29
The CoarSENING SEEP .....coiiieeeeeeeeeie et eeer e e e e e e e e 29
The INitiali ZaON SEED .....vvveeicie e eeeere e enee e e e e e e e e e aeaaneees 30
The ReEfINEMENt SEED......coo i 31
The EXTENSION SEED. .. .o eee e eeee e e e s 31
Dired Coarsening versus Reaursive CoarSeNiNg........oooeeeeeeeeieeeeeeiiinnnneeeeeeeeeeee 32
4.3 THE ELEMENTS THAT NEEDS TO BE DECIDED AND DEVELOPED IN OUR STUDY OF THE
MLS FOR THE TSP oottt emeee e e et e e et e e e e mmmeanas 32
CHAPTER 5. THE MULTILEVEL SCHEME FOR THE TRAVELL ING
SALESMAN PROBLEM ..o e 33
5. L INTRODUCTION .ttt ttteeeeettesssssssmmns s s s s s bbbt s e s emmnsss bbb s s s et e e et e e e e e e s emmmr e e e 33
o0 0 8\ =1 (o o U 33
5.1.2Merging andExtraction d CIUSLErS...........ccuuuvuvuiiiiiis i e e e e eeea e 33
5.2 THE RECURSIVE AND DIRECT MULTILEVEL SCHEME ......cvcvvuieiiiieeeeiineeeenmeesnneeeens 34
5.2.1The Reaursive Multil eve SCheme.............ovvviiiiiiiii i 34
5.2.2The Dired Multil evel SCheme.........uuueiiiiiiie e 36
5.3 COARSENING ....cceiiiiti s ittt e e ettt ettt s eeet e et e e et et e e e e e e e e e e e e e e e e e e as 38
5.3.1ReAUISIVE COAISENING: ...uuvuriuniiaeeeeeeeeeeeeeieemaa s e e e e e e e e eaeeeeeeeeesanmnmeaeeeeeeeeesenes 38
R T2 B 1 ¢ =To B @0 =T =1 o ] o T 40
5.3.3 BledioN...cccoiiiii e e AL
T [0 2 1 USSR 41
Neaest NeighDOU .........ee e 42
=T 2 | O 42
Y= G 1 T o PP 44
10 (572 TP PPPPPPRPPTRRRY” o
B INITIALIZE ettt ettt e ettt e enn s e e e e e e e a7
5.5EXTENSION AND EXTRACTION HEURISTICS. .. ccvuiiiiiiiieein et cmmmen e e A7
[0 0 T 1S = 1T o] o USSR 1o
=T (o o TP 49
BE ST -l T .ttt e e e e e e e e e e e e as 49
LI Sl (= = 1N =Y = N PPN 50
5.6.1 Smulated Annealing Generally .........ccoooeeeiiiiiiiiieieeee e 50
5.6.2 SA Adaptationsto the Multil eved Scheme..........coooveiiicee 53
(@011 911 10 'SR 53
5.6.3 SA PerMULABLIONS. ......ciieiiiieeeieieiiti ettt as 53



5.7 COMPARING OUR SCHEME WITH CHRISWALSHAWS SCHEME. . ..vviviieeieeieaeeeennnn 54

CHAPTER 6 EXPERIMENTAL RESULT S ...t 54

6.0 STARTING THE EXPERIMENTS . ..u ittiitiittiitiitietnssimareesnsessesssnsssnsesssmnneessssnsssnsees 54

Y 0 LIS ] 0 SRS 54

LA LST R = 1115 (= £ T 55

SACh I1ENGIN... ..o 55

RS 101 101 | 55

Temperature decrement fador ...........oovvviiiieeeiiiieee e 55

Chanceof aacepting MOVE & SEAIT........ccovvviiiuiiiiiii et eeee s 55

= [T 1T 0] 1LY/ L= 1 o Yo TR 55

[\V/L= 1aToTo I = 741 = To £ 1] o 1R 55

6.1 EFFECT OF DIFFERENT EXTRACTION METHODS ON THE EXTENSION STEP.............. 56

6.2 COARSENING SIZE FOR RECURSIVE COARSENING .....cvuiiniiniitnienisnrrmmmiesnessneennas 57
6.3 COMPARING THE DIFFERENT METHODS OF SELECTION FOR RECURSIVE COARSENING

........................................................................................................................... 58

6.4 COMPARING THE DIFFERENCE BETWEEN THE METHODS OF DIRECT COARSENING. .61
6.5 COMPARING THE DIFFERENCE BETWEEN DIRECT AND RECURSIVE COARSENING....63

6.6 SIMULATED ANNEALING ADAPTATIONS ..vvvvviiiiiieieiiaiaeeeeeesammeeeeeeeeeeeeeeasaassssnnnnns 64
6.6.1The Length of the Search Path.............oooiiiiiiii e 64
6.6.2The Probabklity of Accepting Moves andthe Temperature Decrement........... 66

The Probabili ty of ACCEPNG MOVES. .......cooiiiiiiiiiiiiiiii e 66

The Temperature DECTEMENL..........ccceeeeieiiieeeeiieeee e e ee e e e e e e rmmme e eeeenanee 66
6.6.3Comparing the Different Methods of Permutation..............cccccceeeeiiivieeeee 67

6.7 REFERENCE RESULTS .. .uutttitiiiiiiiiiiieeitesseeeseseteteeeaaaaeaaeeaesssssmmeaseeeaeaeeasssnannnnnes 69
Comparing the Results with Multi Level Linn Kernighan(skriv om ?)................ 72
CHAPTER 7 CONCLUDING THE EXPERIMENTS......ccovviiiiiiiiiiiii e, 72

7.1 AN OVERVIEW OF THE EXPERIMENTS ...uuuuiiiiiiiiia e eeeeeiiimcmei e e e eeeei e e e e eeesmmmees 72

7.2 THE QUALITY GAP BETWEEN DIRECT AND RECURSIVE COARSENING......cccevvveeeeen d 2

7.3 THE METHOD OF EXTRACTION IS IMPORTANT ....ceiitittieaeeeeetiie e e emeee s e e eeeennnaeeeaeees 73

7.4 THE BEST SELECTION METHOD WAS GREEDY ....cvviiiiiiiiiiiiaeeeeeaesimeaeeeeeeeeaaanenans 73

7.5 THE SIMULATED ANNEALING ADAPTATION: .cetttueeeeeetiieeeeeesimmmeeessnnaeeeeennnnnnns 73

CHAPTER 8 CONCLUDING THE THESIS........coooiiiiiee e 4
REFERENGCES: .....cooiiiiiiiiiii et eeee s emenssseeneee e 75
APPENDIX 1 METHODSUSED IN DETAIL ..ottt 78
Distance @lculating between two Citi €S (CIUSLEr'S) ......oooeeeiiiiieiiiiiiiiieece e 78
Length of Tour CalCUIAtION..........ccoiiieeeeeeieii et 79
Nearest NeighbhOU COArSENING.......ccvviiiiiiiiiiiee ettt e e 80
(T =TV = 7= 0 o PSS 81
MaX MIN COBISENMING. ...ttt eeeeeeeeeeeeeetienas e e e e e e e e e e eeeeeeeestasssmmmeeeeeeeeeeeenssnnnnnn e aan 82
Yo [UF: =3 a o= ST o 1 oo TR SO 83
RAIUS COAISBNING . ...evttttiiiiie ettt eeeees e e e et ettt rnne e e e e e e e e e eeeaebbnnnn s s 84
RaNAAM COAISENING.......cceeiiiiiiieeeieii et eemere e r e e e e e e e e e e e e eeann 85
RANAAN EXEENSION. ....oiiiiiiiii et e 86



EXCNANGE PEIMULE.....eeeeeeei et enne e e e e e e e e e e e eaeennnn s s 88
2 L@ o PP PR 88
2-OPt PEINULE ...ttt e e et e et e et mmme e e e et e e e et e e e esa s emnneeeenas 89
3.3.2.5 BOPL PEINMMULE ...ttt mmme et e et e e e e mnme e e e e e e e e enan e 89
APPENDIX 2 RESULT TABLE. ...t e 90
APPENDIX 3T SPLIB ....uuiiiiiiiiiiiiiiiiiiiiisieeetieeeeeete et eeeaa e e e e e e e s smmeeeaeeeaeea e e e e e s s s s s nsnnnns 91
APPENDIX 4 FURTHER RESEARCH POSSBILITIES......ccvvviiiiiiiiiiiiiiiiieeeen 92
Other Refinement Methods.............ouviiiiii e 92
The Extension Sep andThe @arsening SEP........ccovvvvvvveeeiviiiiiir e 92
ANOLNEY ML-SIFUCLUN ... eeee e s 92
APPENDIX 5LIST OF ABBREVIATIONS. ...ttt et 93
APPENDIX 6 ABSTRACT ..iiiiiiie it meee e aeenss s eeeeeees 93



Chapter 0 The Thesis

A Multilevel Schemefor the Travelling Salesman Problem

The Travelli ng Salesman Problem (TSP is one of the most famous combinatorial
problems of all time. A salesman visits N cities with given pasitions and returns finally to
his city of origin. Each city isto be visited ony once, and the problem isto find the
shortest passhble route. This problem belongsto a dassknown as NP-compl ete problems.

In thisthesis, we am at introducing a Multil evel scheme for finding good solutions for
large graphs. The Multil evel Scheme works as follows: A sequence of smaller graphsis
obtained from the original graphs using a marsening procedure. Thereafter, an
approximate solution to the problem is computed onthe marse graph. This solutionis
then projeded badk towards the original graph, by periodicdly proceeding with an
improvement phase using a cmbinatorial optimisation technique such as the Simulated
Anneding method. The objedive of the projed isto study the impaa of diff erent
coarsening schemes onthe quality of the final solution, and develop a structure for the
Multil evel scheme for TSP,

Solving the Thesis.

It is necessary to demonstrate that the Multil evel Scheme (MLS) can be adapted to a TSP
environment. Then it is posgble to study the impact of different coarsening schemes on
the solution quality. To solve these problems, we plan to study the field of approximation
heuristics and algorithms for TSP. We will | ook for schemes and structures in that theory
which can benefit usin the aeation o the MLS. A clea picture of current use of TSP
solvers aso neals to be developed. We will aso study techniques for testing the quality
of the heuristics we develop.

From this research we plan to develop and test different Multil evel Schemes.

To study and compare the diff erent schemes we propase, we plan to implement them.
The solutions the implemented MLS produces will be used to compare them and to locae
abest passble combination.

In this paper an introduction to the Travelling Salesman Problem will be present first.
Then we are going to present an overview of the methods for solving TSP.

When enough material has been presented to give the reader an urderstanding of the
methods for solving the TSP. Isit possble for usto give adetailed presentation d the
Multil evel Scheme, and ou approach to it.

Thelast part of the paper is dedicaed to testing the diff erent adaptations and dscussng
the results found.



Chapter 1 The Travelling Salesman Problem

The objea of this chapter isto give an overview of the Travelling Salesman Problem and
why it is 9 interesting to work with. The history of the problem will be presented, and
why it is 9 important to work with solvers for the Travelli ng Salesman problem will be
discussed.

The Travelling Salesman Problem (TSP is one of the most studied optimisation problem
today. TSPis dill a cae for intensive studiesin many fields; one of the reasons for thisis
that TSPis a NP-complete problem [2]. In Thefield of algorithms there are many
classfications of problems, two of the most important ones are the dasses of P and NP. If
aproblem isin P, it isredoned that the problem is possbleto solve onregular
computers within reasonable time. If it is classfied as NP asarule of tomb it isnot
posshbleto doso.

Oneimportant field of theoreticd studiesisif aproblem classfied to bein NP can be
solved in such away, that the two classes P and NP is equal to eat ather. In NP there
exists aset of problemswhich is cdl NP-Complete. These problems have the property
that if one of thase problems can be dasdfied to bein P, al other problemsin NP are
also in P. Sincethe TSPis NP-Complete, it istherefore interesting in bah thefield of
theoreticd studies of the problem P=NP VS P NP, andin thefield of approximation
heuristics.

To get an uncerstanding of what the TSPis all abou it is necessary to define and work
with a dea the mathematicd representation d the problem.

Definition 1.1 The Travelling Salesman Problem:

The general problem can be stated as the foll owing:

If we are given aset of cities{c,, c, ... ¢} andfor each par {c, ¢} of distinct citiesthe
distance between themis d(c;, ¢). If alineisdrawn trough al the dties visiting each city
only once, andend upwhere it started. The god istheto find an adering @Gof the dties

that minimizes the total length of that line. This creates a Hamiltonian cyde in the graph
of cities.

Stated more formal:

Using the same notation, the mathematicd expressionisto minimize:
N-1
T(C o Cey) +AC o, € ) [1]

This 2um is cdl ed the tour length. For the general problem the objed isto find ore of the
pathsin the graph that has the shortest length.



This gives us the posghili ty to formulate the formal language for TSP, which is:

TSP ={(G,c,k) : G=(V,E) isa cmmplete graph,
cisafunctionfromVxV &£ Z,
k1 z,and
G has a Travelli ng Salesman tour with cost at most k}. [2]

This problem is NP-complete [2].

If the Pe NP halds, we need a different problems lving approadc to solve problems that
are dasgfied to bein NP, then the more direct methods that can be used for solving
problems classfied to bein P. In Chapter 2.1 this problem is presented in more detail ,
and the impli cations are discussed.

1.1 History of the Travelling Salesman Problem

An Irish mathematician sir W. R. Hamilton and the Engli sh mathematician T. P. Kirkman
drealy treaed mathematica problems related to the TSPin the 1800s. Thiswork
resulted in for example the famous game Icosian by Hamilton. Icosian is the problem of
finding a Hamiltonian cycle dong the elges of adodecaedron. |.e. a path such that
every vertex isvisited asingle time, noedge is visited twice and the ending paint isthe
same & the starting point [3], agame which clealy isnot far away from the TSP
formulation.

K. Menger [4] seansto be the first Mathematician to write a&ou the general TSP. He
showed that the Nearest Neighbaour solver was not able to producethe optimal solution d
the problem, so he was also ore of the first researchersto dscussthe hardnessof TSP,
The first mathematicd results of TSPwere pulished in 1940when TSPsolversfirst
were used as atod for red life problems. The task was to solve the schod bussrouting
of West Virginia, by Flood[4]. Floodwas aso involved in the development of other
pradicd uses of TSPsolversin for instance machine scheduling.

Because of factors as a gorithmic improvement and herdware improvements over the
yeas, the largest know map with aknown optimal solution has grown alot sincethe
1950 s when the problem was first solved oncomputers.



Table 1.1 Presented hereisa list of historical benchmarks from [5]:

| Yea | Reseach Tean | Size of Instance
1954 G. Dantzig, R. Fulkerson, and S. 49 cities
Johrson
1971 | M. Held and R.M. Karp | 64dities
1975 P.M. Camerini, L. Fratta, and F. 100cities
Maffioli
1977 | M. Grotschel | 120dities
| 1980 | H.Crowder andM.W. Padberg |  318cities
| 1987 | M. Padbergand G. Rinddi | 532cities
| 1987 |  M.Grotschd andO. Holland | 666cities
| 1987 | M. Padbergand G. Rinddi | 2,392cities
D. Applegate, R. Bixby, V. Chvétal, "
1994 and W. Cook 7,397cities
D. Applegate, R. Bixby, V. Chvatd, "
1998 and W Cook 13,509cities
D. Applegate, R. Bixby, V. Chvatd, "
2001 and W Cook 15,112cities

Asone can seethe posshiliti es given us by increased computer power, and the
development of new solving techniques, has lead an increase in the size of the problem
solved ogimality over the past yeas.

The problems listed in the @owve table ae dl in the form of euclidian TSP.
Thisisaspedal case of the TSPbut is gill NP-complete seeChapter 2.1.

1.2 The Travelling Salesman Problem Today

Today, because of the ever-expanding computer capabiliti esin speed and memory,
problems with lessthan 100cities can be solved to optimality within reasonable time.
These problems can of course not be solved with just brute force enumeration and
distance decking. For the 16-city Travelling Salesman Problem, the problem of Homer©s
Ulysses attempting to visit the dties described in The Odyssy exadly once, there ae
653,837,184,000idinct routes! [6]. Enumerating all such roundrips to find the shortest
one, took 92 houws on a powerful workstation. By applying test criterions on the fitness
of solutions, most routes do nd have to be dhedked, and provide us with atoad to solve
Travelling Salesman Problems diredly. But unless P=NP provesto hdd, aquestion
which by now looks more likely to be Pe NP. No pdynomial time dgorithm is going to
be discovered for the TSP. Thereforeit isin thefield of approximation algorithms and
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heuristics there will be improvementsin the future. Today severa teams have dore
approximations on problems with upto amilli on cities and ggtting reasonable results [7].
The goals for future research onthe TSPmust be to opgimise eisting schemes, and
exploring the more general algorithms and heuristics, to bring fort successasin the
Travelli ng Salesman Problem for other fields of optimisation.

1.3 Different Types of Travelling Salesman Problems,

In the field of research on the TSP, there ae three main versions of TSPstudied. The
type of problem depends on hav the inpu functionis given: Euclidian symmetric or
asymmetric, or randam distance matrixes. The term euclidian comes from the
representation d ead city and the distance of the edges between them. Instead of
representing the graph with weighted edges the problem is given as pointsin the 2-D
plane (This can be generalized to problemsin K-D for K>2). In order to calculate the
distance between pants, the auclidian dstanceformulafor paintsin the planeisused. A
euclidian problem is symmetric because the distance setisfies d(c;, ¢;) ==d(c;, ¢). If a
problem is asymmetric this equality does not hold. Asymmetric problems gudied today
areusually a euclidian problem, bu with an edge weight in addition onthe diredion d
thetravel. Problem-sets where the euclidian distanceformuladoes not hold are call ed
randam distance matrix problems. The problem type used by most researchers interested
in approximationis the symmetric euclidian TSP. There ae many reasons for this; one of
the main reasons is that distance can be easily checked. Because it is bi-diredional it also
saves the programmers a lot of work treaing with speda cases. This all ows for more
focus on the development of general heuristics for solving the problem.

1.4 The Reasonsfor Studyingthe TSP

Most importantly, the TSP often comes up as a sub-problem in more complex
combinatoria problems. It isalso very easy to explain and state, but it isintriguingly
hard. This has resulted in that the TSPhas beaome one of the main todsin the study of
the “P=NP?’ problem. Since TSPis © hard and has alot of red life gplications, the
field of approximation algorithms and heuristics has bloomed with solvers for the TSP
problem. Thefield has had an enormous expansion sincethe Nearest Neighbou heuristic
where studied by K. Menger[4]. Asthefield is 2 large, experience ca be drawn from a
lot of sources. These sources are one of the important reasons why the TSP is how one of
the main test cases for general optimisation techniques.
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1.5Real Lifeand the TSP

The most fascinating part of the TSPproblem isthat it often arisesin real life problems.
Thisis one of the main reasons for the huge interest in the TSP, and hencethefield of
red life gplicaionsfor the TSPdeserves a doser look.

The TSPnaturally arises as asub problem in many transportation and logistics
applicaions. For example the problem of arranging schod bus routesto pick upthe
children in aschod district. Thisbus applicaionisof important historicd significanceto
the TSP, sinceit provided motivationfor Merrill Flood, ore of the pioneers of TSP
research in the 19405[4]. A second TSPapplicaion from the 194G involved the
transportation d farming equipment from one location to ancther to test soil, leading to
mathematica studiesin Bengal by P. C. Mahalanobisandin lowaby R. J. Jessen[4].
More recent appli cations invalve the scheduling of service cédls at cable firms, the
delivery of mealsto hanebound @rsons, the scheduling of stadker cranesin

warehouses, the routing of trucks for parcel post pickup, and ahost of others.

Increasing the dficiency of processesis of great concern for many industries. It isin this
field many commercial applicaionsfor a TSPsolver can be found.In industry there are a
lot of processes invalving the time-consuming task of moving items and steging of
madhinery, which iswhere agood TSPsolver can be used to increase the efficiency.

A Case study: Circuit board construction and board cutting:

Thisinduwstrial processinvolves a mmputer-operated macdine moving over the 2-D plane
adding or cutting partsto or from aflat board. In this processthe points where amadine
shall operate onthe board is plotted as positionsin a @mmputer. The computer then has
the resporsibili ty of steering the head over the board to the wordinates, performing a set
of tasks then returning and a new board isinserted in to the machine. This processis
often repeaed alarge number of times. Each board often has more than 100 ogerations
doreto it in dfferent places. A typicd exampleis the processof punching hdesina
board for componrent placement. The route the head o the madine travels over the board
can then be visualized as a auclidian Travelling Salesman Problem by setting the
coordinates on the board as citi es and the TSPtour as the route for the machine to move
over the board. A cut in operating time of only 5% is a huge savings cut for afactory, and
therefore aTSPsolver used to cdculate the paths for this problem isinteresting. A red
life example wherethisis put in useisat the Metelco circuit board manufacturer where
the madine drill s 500 tolesin ead bcard. Before they used a TSP solver this process
took ore hour. By using the TSPalgorithm this number increased to 4800holes per hour,
andthe overall fadory output increased by 10% [8]. For afactory thisis asubstantial
increase in production.
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Many other fields, bah in industrial and within science have foundTSPlike problemsin
their field of work. Here ae some examples:

Genome sequencing

Reseachers at the National Institute of Hedth in USA have used a TSPsolver to
construct radiation hybrid maps as part of their ongoing work in genome sequencing.
The TSPprovides away to integrate locd maps into asingle radiation hybrid map for a
genome; the dties are the locd maps and the ast of travel isameasure of the likelihood
that one locd map immediately foll ows ancther [10].

Starlight Interferometer Program

A tean of engineers at Hernandez Engineering in Houston and at Brigham Yourg
University have experimented on wsing Lin-Kernighan to ogimise the sequence of
cdestial objedsto beimaged in the propased NASA Sarlight spaceinterferometer
program. The goal of the study isto minimize the use of fuel in targeting and imaging
manoeuvres for the pair of satellit esinvolved in the misson (the dtiesin the TSPare the
cdestial objedsto be imaged, andthe aost of travel isthe anourt of fuel needed to
reposition the two satellit es from one image to the next) [11].

Power Cables

TSPhas been used to locate cale placement to deliver power to eledronic devices
asociated with fibre optic conrectionsto hames[12].

DNA Universal Strings

A groupat AT&T used a TSPsolver to compute DNA sequencesin a genetic engineering
research projed. Inthe applicaion,a olledion d DNA strings, each of length K, were
embedded in ore universal string (that is, each of the target stringsis contained as a sub-
string in the universal string), with the goal of minimizing the length of the universal
string. The aties of the TSPare the target strings, and the st of travel is K minusthe
maximum overlap o the crrespondng strings[13].

Concluding this chapter we have seen that the Travelli ng Salesman Problem has been
subjed for intensive research over the past decades. There has been a brief presentation
of the importance of finding solvers for the TSP. Sincethe TSPand aher problemsin NP
canna be solved easily, in the next chapter there will be discussed how to handle a
problem that canna be solved within reasonable time.
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Chapter 2 Working With and Testing Solversfor
Problemsin NP

The objed of this chapter isto dscussthe implicaiona dassficaionas aproblem in NP
has for solving and testing that problem.

Starting by presenting the cmmplexity classes of P and NP, and the importance of NP-
Complete problems. Then it is snown where the Travelling Salesman Problem fitsin to
the picture and presented methods for solving problemsin NP. In the last sedion there
will be adiscusson ontesting the quality of solversfor the Travelli ng Salesman Problem.

2.1 The Travelling Salesman Problem - a Challengeto Work
With.

The Travelling Salesman Problem is as previously stated NP-Compl ete.
To clarify thisafew definitions neels to be presented.

Definition 2.1.1 P

P isthe complexty dassof problems that can ke solved in pdynomial time on asingle
tape deterministic Turingmachine[9], [24] .

If a problemisin P, asarule of thumb it can be solved within reasonade time on
computers exsting today. Typical problems of this classare for example sorting
problems.

Definition 2.1.2 NP

NP isthe complexty dass of dedsion problems, for which arswers can ke decked by an
algorithm whit a running time paynomial in the size of the input. Note that this doesn't
require or imply that an arswer can ke found quckly, only that any daimed solution
could be veified (or refused) quickly. NP isthe dassof problems that a non-
deterministic Turing machine accepts in polynomial time[9], [24].

If a problemisin NP it has an exporential runnngtime on an adinary computer andis
therefore in most cases not solvable within reasonable time.
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Definition 2.1.3 NP-Complete:

Thisis the complexty dassof deasion problems for which arswers can ke dhecked for
corredness given acertificate by an dgorithmwhaose runningtimeis polynomial in the
size of the inpu (that is, it isNP) and that no aher NP problemis morethan a
polynomial factor harder [9], [24] .

Informally, a problemis NP-complete if answers can ke verified qucky, andif there
exst a pdynomial time algorithm to solve a NP-Complete problem.

All other problemsin NP can ke solved in pdynomial time. If a problem is NP-complete,
asfor NP it cannd as a rule of tomb be solved within reasonalde time on computers
exsting today.

The mnsequences

Thisimpliesthat if aproblem is NP-Complete thereis no pdynomial time dgorithm for
it unlessP=NP. But this has nat been proved yet, and it looks like that probably P <1 3

If it was passble to find apadynomial time dgorithm for an NP-Complete problem, then
could by definition 2.1.3all NP-Complete problems lved in pdynomial time and P
would equal NP. But sincethat questionis not proven yet, it isnat possble to say there
will be such a discovery or there will not be such adiscovery.

However it looks like those dassesis not equal, and thisis where research in thisfield
stand at the moment [24]. Therefore it isnot likely to exist apaynomial time dgorithm
for NP-Complete problems. That meansif TSPis NP-Complete there isno known
polynomial time dgorithm for it, in fad it is O(N!) where N is the number of cities.

Proving the NP-Completenessof the Travelling Salesman Problem

The proaf of the NP-Completenessof the general Travelli ng Salesman Problem stated in
definition 1.1lisa dassc in the textbooks for the field of algorithmic complexity [2]. This
paper is mainly deding with the euclidian version of the TSPexplained in Chapter 1.3 1t
istherefore of importance that the euclidian TSPis also NP-Compl ete.

C. H. Papadimitriou [15] presented the proof for the NP-Completenessof the auclidian
TSPproblem. Therefore is the aurrent problem NP-Compl ete, and the foll owing can be
asumed:

Solving TSPacaurate is not feasible because of the exporentia fador O(N!), where N is

the number of cities. The running times just for solving small i nstances is enormous, a
30-city tour would be more than 2.65*1G? operations.
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2.2 Working with Problems that cannot be Solved Within
Reasonable Time.

Sincethetask of solving the TSPacaurately isnat feasible, to get asolution for aTSP
problem you could either focus on orly small i nstances, or look for an approximate
solution within pdynomial time. If you choose to focus only on small i nstances, you will
loose the possbili ty to solve many interesting problems. One of the reasons for the
interest in the TSPisthat it often is a part of another problem that can be solved by using
aTSPsolver. Solving small problems of thistypeis not often enough sincelarge
instances of the TSPproblem isrelated to many industrial and scientific modelli ng tasks.
Another methodfor solving problemsin NP isto find an approximation for the solution.

Approximation algorithms and heuristics

An approximation algorithm finds a nea optimal solution to a given ogimisation
problem, where the solution is never worse than a proven ration.
Thisratio isafunction d the dosenessto the solution [24].

There ae two types of approximation algorithms: Maximization and Minimization
problems. The goal for an approximation algorithm for the TSP problem isto find the
shortest passhble route in the graph. Hence TSPis an example of a Minimizaion
agorithm. The quality of an approximation algorithm can be proven, so by using an
approximation algorithm it is possble to guaranteea bound orthe solution for such
problems.

When a method canna be proven to return aresult within aspedficratioitiscdled a
heuristic. The fad that heuristics does nat have aworst-case boundiry, does not mean it
isweder then the goproximation algorithms [1].

An approximation heuristics is amethodfor problem solving that finds anea optimal
solutionto agiven ogimisation problem, where there are no bound orthe quality of the
solution poduced.

For the TSPthere ae two common types of approximation heuristics: growing and
refining.

Growing methods works by constructing atour from an unadered colledion of cities

that the length of the tour is minimized. An example of such amethodisatour
construction heuristic.
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A refining methodtakes a pre-made tour and refinesits quality. The process of creating
toursis easy. For example for an euclidian instance it can be donein O(N) time by
picking a start vertex then adding ead vertex to the tour in arandam order ensuring that
no vertex is added more than orce The refinement steps then reorder the tour in such a
way that the length of the tour is minimized. An example of such amethodisloca seach
heuristics.

The methodfor comparing the quality of an approximation algorithm isto gve aproof
for it isworst-case performance For heuristics that posshbili ty does naot exists and you
must therefore look at other methods for comparing the dfed of the different heuristics.
The usual methodis to compare how close the solution produced by the heuristic on
average, isto the adual solution. This can be aproblem as for most cases, the optimal
solutionis not known.

2.3 Held-Karp and Methods for Testing the Quality of a Solver
TheHeldKarp Lower Bound

When evaluating the performance of a TSPheuristics, we ae often na all owed the
luxury of comparing the results with the predse optimal tour length. Sincefor large
instances, typicdly the optimal tour length is not known. As a cnsequence, when
studying large instances it has becme the pradiceto compare the heuristics results to
something which is posgble to compute: The lower bound orthe optimal tour length the
so cdled Held-Karp lower bound[14]. The Held Karp boundis defined as the solution to
the standard linear programming relaxation d the TSP[14]. For instances of moderate
sizeit can be computed exadly using linear programming. For larger instancesthereisa
problem because the number of constraintsin the linea program is exporential in N
where N isthe size of the inpu. Instead a more practicd approac is used to solve a
sequence of restricted linea programs, each invalving only a subset of the wnstraints,
andto use aseparation subroutine to identify violated constraints that need to be included
in the next linea program. Using the simplex program developed by Applegate, Bixby,
Chv'atal, and Cook exad vaues for the boundhave been computed in thisway for
instances as large & 33810cities[14.] For larger instances, you have to settle for an
approximation to the HeldKarp boundcomputed by an iterative te chnique proposed in
the original HeldKarp papers|[1].

More important is that the HeldKarp boundappears to provide aconsistently good
approximation to the optimal tour length. From aworst case point of view, the HeldKarp
boundcan never be smaller than (2/3)OPT(Tour), assuming the triangle inequality [14].
In pradice, it istypicdly far better than this.
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Standard Test Instances

When experimental results are discussd in this paper, the problems are symmetric
euclidian. Many of the applications of the symmetric TSPare of this rt, and most recent
pulished studies have concentrated onthem [1], using two main sources of such
instances.

The first source @mnsists smply of randamly generated instances, where the dties have
their locaions chosen uniformly in the unit square, with dstances computed under the
Euclidean metric. The secondsourceis a database of instances called TSPLIB coll ected
by Gerhard Reinelt [25] andis avail able via anonymous ftp from softlib.riceedu. The
problem set can aso be downloaded from arange of different web sites.

TSHLIB contains instances with as many as 85,900 cities. Included in the colledion are
many instances from printed circuit board and VLS| applications as from thereal life
examplein Chapter 1.5. The coll edion aso includes geographicd instances based onred
cities, for example the figure on the front-page of this paper depicting the optimal tour of
agraphwith 1511 2citiesin Germany. For this package the Held Karp-lower boundis
estimated for all instances and for most of the instances the optimal tour length is also
known.

The question then remains if this library of test instancesis $ dversified that it can be
used as areliable source for testing TSP-heuristics. D.Johnson [1] shows that results
where randam instances are used as methodfor comparison are cnsistent with results
where the TSPLIB package is used. Thereforeit isno real to use randamly generated
sources for testing TSP-heuristics.

Many papers covering geometric instances of the above two types, do nd use the
HeldKarp boundas their standard for comparison. Reseachers dealing with TSALIB
instances, often restrict attention to those for which ogtimal solutions are known,
comparing their results to the optimal tour lengths. Fortunately, the exad HeldKarp
bounds are known for all of theseinstances, so it is easy to translate from one sort of
comparison to the other. The results from studies where Randam Euclidean instances
where they compare their results only to the estimates of expeded optimal tour length are
more difficult to ded with. D.Johrnson[1] shows that many claims of closenessto
optimality are too ogimistic by 5% or more, and ore have to reinterpret such claims for
randam generated instances.

Thusthe TSPLIB isthe best test instances for testing the quality of the TSPheuristics.
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Chapter 3 Algorithmsand Heuristics Used for Solving
Travelling Salesman

The objed of this chapter isto present an owverview of diff erent strategies used to create
solversfor the TSP. The objed isaso to present elements used later in the text for
constructing the Multil evel Scheme, and to show how those dementsrelate to ather
developed strategies.

TSP Solvers

Thework in the field of approximation heuristics for TSPhas given us alarge set of todls
to find pegble solutions for the TSP. In this chapter afew of the most used solversis
presented. There ae four diff erent classes of solvers used today: tour construction
methods, locd seach methods, badktrading-jump methods, and spedals. For eah
caegory will we present some of the popuar methods used. The heuristics and
algorithms are presented as ketches with detail s whereit is neaded.

3.1 Tour Construction Heuristics

A tour construction heuristic is a methodthat from an unadered coll ection o cities
constructs avalid TSPtour.

A tour construction heuristic is usually used to create inpu for locd search heuristics.
Most of them can in fact also be used as afast way to credae areasonabletour. Nearest
Neighbaur, ore of the oldest mentioned was used as ealy as 1956[16] for constructing
toursfor loca search heuristics. It is avery easy methodto implement and creae tour
quality onrandam euclidian sets with reasonable quality even for larger graph sizes[1].
There ae many tour construction heuristics. Four interesting ones are presented here:
Neaest Neighbou, Greedy, Clarke Wright and Christofides.

3.1.1 Nearest Neighbour

This methodis anatural strategy for the TSP, because it mimics the way the travelli ng
salesman seleds atravel route.

It seleds a starting point and then always seleds the nearest city to be added to the tour, it
then “walks” to that city and repeats by chocsing a new non-seleded city, urtil all cities
isin the tour. To complete the tour, an edge is added between the last selected city and
the starting city. A general version d this heuristic hasrunningtimeof , 12)[1].
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3.1.2 Greedy

This heuristic works by growing a Hamiltonian cycle in the graph.

The Hamiltonian cycleis grown, by first picking the shortest edge, and then the shortest
edge available is added to the tour until al citiesareincluded in the tour. An edgeis
availableif adding the edge does nat creae aloop a avertex with adegreehigher then
two, andit isnot alrealy a part of the tour. This processis repeated urtil al cities are part
of the cycle and each nade in the cycle has a degree of two.

Gready hasarunningtimeof , 12ogN) abit worse than Nearest Neighbour.[1]

3.1.3 Clarke Wright and Christofides

The two most spedalized tour construction heuristics mentioned in this paper are Clarke-
Wright (CW) and Christofides. CW is ancther greedy methodthat works by choasing a
city and then conrecting al citesto this city with two edges asif it wasa hub. It
constructs the tour by removing edgesto the hubif it is easier to travel diredly from one
city to another then trough the hub. Thisis dore until alegal tour is creaed; the runnng
timefor CW isthe same afor Greedy [1].

Christofidesisthe airrent champion o the tour construction heuristics but it has afar
worse running time then the other tour construction heuristics andis nat useful onlarge
instances [1]. It works by first constructing a minimum spanning tree T for the set of
cities, and then aminimum length matching M is dore on the vertexes with odd agreein
T. Combining M with T gives us a mnrected graph where every vertex has an even
degree this graph nav holds an Euler tour [1] i.e. acycle that passes through eac edge
exadly once. By first identifying the Euler tour, the TSPtour is then creded by
traversing the Euler tour.

3.2 Local Search Heuristicsand Algorithms

A locd search heuristic uses a strategy where solutionis taken as inpu, and then the
heuristic samples the solution-spaceby making simple tour modificaions. If the new
modified tours are an improvement, it continues to work onit. If it isnot an
improvement, the modified tour is discarded and the heuristic tries anew modificaion d
the aurrent best tour.

Local search heuristics are spedfied in terms of a dassof operations (exchanges or
moves) that can be used to convert atour into another.

Given atour, the heuristic then repeaedly performs operations from the given class as
long as each operation reduces the length of the current tour, this processis repeaed urtil
atour isreached for which no opration yields an improvement (alocal optimal tour).

It isalso an important fact that noloca seach heuristic can guaranteeto make an
improvement onthe inpu tour [1].
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Local search heuristics for the TSPwere one of the first methods developed to produce a
reasonable tour quality. It includes many famous methods as for example the 2-Opt.

3.2.1 2-Opt

2-Opt isone of thefirst locd search agorithms for TSP. Results regarding 2-Opt was
pulished asealy as 1956 [16], where it was used together with the Nearest Neighbaour
tour construction heuristic.

2-Opt isasimplelocd search algorithm that works on the basis of doing small changes
onthetour and then checking if the solution quality improves.

The change part for 2-Opt isto delete two edges from the tour, creating two tour
segments then recnneding them in anew way so that it forms a @rred tour.

Figure 2.2.1shows a 2-Opt move

i)
H
H

h

The 2-Opt isrun urtil astoppng criterionisfound. The stoppng criterionis atest of the
posshility to find a new improvement.

3.2.2 3:0pt

3-Opt is an agorithm not unlike 2-Opt, in 3-Opt instead o creaing two tour-segments
threetour segments are creded by removing three edges form the tour. This allowsfor a
new element to be added to the method, it is now posgble to reconred the tour segments
in dfferent ways. This gives 3-Opt the posshbili ty to locae the best passble way to
reconnrect the tour. This chedking is the reason for why 3-Opt is abit slower then 2-Opt,
but instead creates tours with higher quality than 2-Opt [1].
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Figure 3.2.2shows passibiliti es for reconneding after a 3-Opt split.

Except for the diff erence in the splitti ng, the rest of 3-Opt works as the 2-Opt method.
These two methods are in fad part of afamily of methods cdled K-Opt.

3.2.4 K-Opt variants

In the K-Opt family there are methodthat lies between 2 and 3-Opt and also methods
with K>3. Examples of both classes will be presented later in the text.

Between 2- and 3-Opt

The two methods usually foundform this classin the literature ae 2.5-Opt and Or-Opt.
2.5-Opt created by Bentley [1] works by moving a aty instead of deleting edges. It picks
a dty A from the tour. The methodthen splitsthe tour in to two tour segmentsasin 2-
Opt, where two of the end pdnts are the dtiesin the paosition before and after A and a
split in another placeof the tour, then it reconneds the tour in the best posgble way as for
3-Opt

Figure 3.2.3shows a passibility for reconneding after a 2.5Opt split.
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Another methodin this classis Or-Opt creded by Or[1].
It works by removing a segment with threeor fewer citi es and then reconnecting the tour
as for 2-Opt and adding the li ne segment between two randam neighbour cities.

3.25 K-Opt for K>3.

2.5-Opt and Or-Opt are improvements of the 2-Opt method. Some fixed K-Opt, for K>3
has been proposed as improvements of 3-Opt but Lin [1] showed that there was nearly no
improvement to be found from these methodk.

If amethod wses K>3 today, it is used a solver in avariable Opt method.

There ae dso some methods that lie lower than 2-Opt in the K-Opt hierarchy. These
methods are dl restrictions on the 2-Opt method. An example of one these methods is the
Exchange 2-Opt. In Exchange 2-Opt only neighbour cities are exchanged by moving a
city in front of it isneighbour in the tour. Thisrestriction reduces the neighbourhoodsize
to N where N is the number of cites from N*(N-2)/2 which is the neighbaurhoodsize for
regular 2-Opt [1]. In pradicethis restriction seans to beto hard and causes the heuristic
to crede wedker results then 2-Opt [1].

Figure 3.2.4shows a passibility for reconneding after an Exchange-Opt split.

There ae dso more reeently developed locd search heuristics. For example Dynasearch
by Potts and van de Velde[ 1] and GENI/GENIUS of Gendrau, Hertz an Laporte [1].

Dynasearch works by doing a set of Opt moves combining them into asingle overall
move. This eff ect removes sosme redundancy from the general Opt strategy.

GENI isahybrid tour construction and locd search strategy. It starts with atour of 3
cities, and then it proceeds with adding new citi es to the tour by doing a 3-or 4-opt split.
It then adds the new city to the endpant of one of the line segments completing the
move. Requiring that the edges added is within aneighbou list will help restricting the
range of posgbleinsertions, and cut down time for finding locd minima.
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GENIUS isalocd search methodthat works at the same principles as GENI. It searches
the tour for likely candidates to be removed from the tour, removes them and inserts them
again using the same methodas GENI.

3.3 Backtracking-Jump

Motivated by the observation that not all | ocdly optimal solutions neadsto be good
solutions, purelocd seach may nat be the answer to the search for the best solvers. It
might instead be desirable to modify a pure local seach heuristics by providing some
mechanism that helps us escgpe locd optima and continue the search further.

A methodto dothisisfor example to give the heuristics the posgbili ty to do rerunsona
randam generated tour with alocd search heuristic storing the best results. This method
does nat utili ze the fad that locd optimumsis usually clustered together [1], so instead of
starting completely anew, a mechanism for climbing out of alocd optimalooking for a
neighbauring one is neaded. Thisidealed to the development of agroup d methods,
which utili zes the ideain dfferent ways.

The most important toadl that heuristic development has given usisapossbility to al ow
us to make moves that do nd improve the tour but may do so in the future.

The improvement in these heuristics is that they allow usto doa series of moves and test
if they lead usto an improvement. If the arrent seach does nat lead anywhereit isthen
possbleto step badk and start anew. The most studied method d thisclassisLin-
Kernighan (LK)[1]. Tabu Seach was one of the first algorithms utili zing thisidea[ 1].
The third presented in this chapter is Simulated Anneding (S.A) avery genera
optimisation strategy used in many fields of optimisation [1].

3.3.1 Tabu Search:

Tabuseach (TS), LK and S.A are motivated by the observationthat not al locdly
optimal solutions are necessary good solutions.

That observation started a processwhere arange of new methods was creded; the first of
those was Tabu Search. In general Tabu Seach restarts the search near the locd optima
instead of restarting on a complete newly generated tour.

When TS findsalocd optimum, it triesto step ou of it by evaluating a series of moves,
which picks the best move, bu not necessary a move that leads to a better solution.

To stop TS from finding the last optimal solutionit kegos alist (ataboolist) over the
moves that would lead back to an dd locd optimum. When no rew moves are possbleit
stops.
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3.3.2Lin-Kernighan:

The Lin-Kernighan (LK) algorithm is generally considered to be one of the most

eff ective methods for generating optimal or near-optimal solutions for the TSP,

However, the design and implementation d LK is not simple. There ae many designs
and implementation dedsions to be made, and most dedsions have great influenceonthe
performance The aedion of the LK wasinspired by the observation that a static K in the
K-Opt methodis not necessary the best solution. Designers wanted to use adifferent K-
Opt in dfferent stagesin the exeaution d the heuristic. In pradice it has been shown that
it isdifficult to knowv what K to use to achieve the best compromise between running time
and quality of the solution[1]. Lin and Kernighan removed this drawbadk by introducing
apowerful variable-Opt agorithm. The dgorithm changes the value of K during its
exeaution[1].

Before eadh iteration, the agorithm decides what values of K shoud be used. It cdculates
the value of K by examining for ascending values from |, whether an interchange of

K links may result in a shorter tour. Given that the exchange of r linksis being
considered, a series of testsis performed to determine whether r+ 1 link exchanges shoud
be mnsidered. This continues until some stopping condtions are satisfied. At ead step
the dgorithm considers a growing set of potential exchanges (starting with r = 2). These
exchanges are dhasen in such away that afeasible tour may be formed at any stage of the
process If the exploration succeels in finding a new shorter tour, then the adual tour is
replaced by the new tour.

3.3.3 Simulated Annealing:

Simulated Anneding isaMonte Carlo approach for minimizing functions with alarge
number of variables. The term Simulated Anneding comes from a roughly analogous
chemica processof heding and then slowly codling a substanceto oltain a aystalli ne
structure. In simulation, where the @st functionis minimized, this corresponds to when
the substance have aystalli zed. The Simulated Anneding processlowers the temperature
in stages until the system “freezes” and nofurther changes occur. At ead temperature the
simulation must proceed long enough for the system to read a steady state. This process
is known as thermali zation. The sequence of temperature decrements, and the number of
iterations applied to thermali ze the system at each temperature cmprise an anneding
schedule [23]. To use Simulated Anneding, the system isfirst initiali sed with a particular
configuration. A new configurationis constructed by displadng the system in to a new
state. If the energy of this new state is lower than that of the previous one, the dhangeis
aacepted urcondtionally and the system is updated. If the energy is greater, the new
configuration has a probabili stic chanceto be accepted. Thisisthe Metropdis gep, the
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fundamental procedure of Simulated Anneding. The Metropdis gep all ows the system to
find areas with lower energy states, and yet still j ump out of locd minima due to the
probabili stic aceptance of some upward moves.

Simulated Anneding as a methodfor solving optimisation problems was first proposed
by ateam of computer scientist from IBM in 198 [17]. They propcsed to use it asa
computing intensive dgorithm for finding solutions to arbitrary optimisation problems.

Now it has been used successully as asolver for awide range of fields.

AsaTSPsolver it has been use succesdully to solve problems to nea optimum.
Simulated Anneding asa TSPsolver is presented in Chapter 5.

Johnson and McGeoch in [1] shows us that Simulated Anneding in hisimplementationis
not as goodas LK but has agoodaverage and alot of room for interesting adaptations.
They also state that the Simulated Anneding structure in use today is not necessary an
optimal one, and there can be made interesting adaptationsto it. It mentions temperature
and solution reighbouhood as interesting fields for experimenting. Especialy low
temperature starts where Simulated Anneding is given ahigh quality starting solution.

3.4 Other Methods

TSPreseach has aso givens us some more exotic solvers. The two methods worth
mentioning are Genetic heuristics and iterated local seach.

Genetic heuristics as an approach to optimisation can be tracked back to the 1970s. The
heuristic gopli es the theory of the biologicd processof evolutionto a problem. The
heuristic hastwo basic steps. First, creae agroup of many randam tours ordered in a
popuation. These tours are stored as a sequence of numbers. Seaond, pck two o the
better (shorter) tours as “parents’ in the popuation and combine them, using crossover to
creae two new solution children in the hope that they create an even better solution. The
crosover step is performed: By first selecting arandam paint in the parent sequences,
and then switching every element in the sequence dter that point. Then the good
solutions are dl owed to reproduce and form new and hogfully better solutionsin the
popuation, whil e the bad solutions are removed until astoppng criterionis readed.
Iterated locd search agorithms are avery interesting adaptation o the local seach
algorithms. It has been for example seen used by the tean that develop the Concorde TSP
solver [22] intheir iterated LK version. The esence of this £hemeis: one iteratively

buil ds a sequence of solutions generated by the dgorithm, leading to far better solutions
than if one wereto use repeded randam trials of that algorithm. ILS explores the seach
of locd minimafor some given algorithm, cdled Loca Seach in the following.

ILS achieves this by doing the foll owing: Given the aurrent best solution S, it first
applies a dnange or perturbation that leads to an intermediate state Sdrom the set of
possble solutions S. Then locd seach isappliedto S andit reach a solution S*©If S*
passes an acceptancetest, it beames the next element of the walk, otherwise one returns
to S*. ThisILS procedure shoud lead to good sampling as long as the perturbations are
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neither too small nor too large. If they are too small, ore will often fall back to S* and
few new solutions will be explored. If onthe @ntrary the perturbations aretoo large, S
will be randam, and the result is arandam restart type heuristic.

Because TSPis one of the most interesting testing grounds for optimisation heuristics and
algorithms, there ae many solvers for it. Comparing all of them is enough materia for a
life time study. But it should also be mentioned that alot of work has been dorein the
field of paralel programming on some of the &ove-mentioned methods. But describing
these ae outside the scope of thistext.

Chapter 4 The Multilevel Scheme:

In this chapter the generic Multil evel Scheme is presented, together with a study on haw
to adapt it to the Travelli ng Salesman Problem. The objed of this chapter isto give the
reader agood urderstanding of the Multil evel Scheme. The parts that need to be
developed in the Multil evel Scheme for a given problem are discussed. The last par of the
chapter will present how to developthe dementsin aMLS for the TSP,

4.1 The Generic Multilevel Scheme

In this paper, another way to look at heuristics is presented: The Multil evel Scheme. The
Multil evel Schemeisnot anew idea. It has been applied with successon aher problems
for example graph partitioning [18], and graph dawing [19].

The ideabehind the Multilevel Schemesisto coarsen aproblem in such away that the
original problem iseasier to solve. The marsened solutionisthen in a series of steps
refined urtil the original problem sizeisreaded. The dfed of each refinement step is
propagated to the refinement in the next level. This producesin theory ahigh quality
solution after the top step refinement.

The Benefits produced by the ML S structure for Optimisation Problems.

In optimisation problems are often solved, by using refinement ona @nstructed solution.
But to construct a good solution from the problem to usein refinement can be & hard as
the problem it self. A low quality inpu solutionto arefinement method poducesinnfact
aso poaer quality after the refinement [1]. The size of the problem is also important; it is
usually much easier to find agoodsolution onasmall problem then onalarge problem.

The Multil evel Scheme utili zes this property by refining on small problems, producing a
goodsolution for the small problem. Then it expands the high quality solutionin to a new
problem where the quality foundin the small er problem sizeis aso propagated upinto
the larger problem. The next refinement step can therefore benefit by getting a better-
input solution.
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Presenting the Generic Multilevel Scheme

Let us present the generic Multil evel Scheme, and then let us do some analysing onit.

Name: The Generic Multilevel Scheme
I nput: Problem instance P,
Output: Solution S, onP,

1foriA 1toL

1.1P, = coarsen (P.)
2S , =initialize(P.)
3S =refing(S.,)
4for iA L-1to O
4.1S,=extend(S..)
4.2S =refing(S,)

A problem P isin the heuristic coarsened in a predefined number of levels L. The number
of levels can be calculated in advance so that the solution onthe bottom level is not just
trivial, or the carsening can be set to stop kefore the problem sizeistrivia. The fully
coarsened problem is then initiali sed to aform arefinement algorithm for the problem
can work with. This urrefined solution S, isthen refined by the refinement algorithm to
S.. The heuristic then step vice extend the problem, and refine it until the full problem

sizeisreaded andthe last refinement step produces the solution S,.

The marsen step:

In the arsen step the objed isin some way, to decrease the size of the problem step
vice But it isimportant that the problem is nat trivialized, andit is ill intad so that the
refinement on the lowest stages can be propagated upin to the next levels.
Theinitialise step:

The objed of the initialise step isto prepare the marsened solutionin such away that it
can be used in arefinement solver for the problem.
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The extend step:

The problem sizeisin this gep increased again. The increasing shoud bedonein such a
way that the quality of the refinement in the previous gep is propagated up alevel.

The refinement step:
The refinement step is aregular refinement algorithm for the problem type.
The Multil evel Scheme (MLS) must also hold some more @nditions:

Condition 1. Any solutionin the marsened stage shoud be alegitimate solution onthe
problem type. Therefore the heuristic shoud produce alegitimate solutioniif it was only
initi ali sed and then extended without refinement to full size.

Condition 2: The marsened problem shoud reflect the origina problem, so that the
problem spaceis not destroyed. Therefore the marsening has to be dorein such away
that we adapt the marsened problem, to refled the original problem. By letting the new
coarsened problem inherit the hardnessof the original problem fulfil s this condtion.

The generic Multil evel Scheme @ove tell s us nothing of how to construct al the parts
neealed to creae aMultil evel Scheme for a given problem. For each dfferent
optimisation problem where the Multil evel schemeis applied, we need to develop
methods to tackle each of the ebove-mentioned parts of the heuristic.

4.2 Adapting the Multilevel Scheme for the Travelling
Salesman Problem

To fulfil al the above-mentioned condtions, three important parts and some small er
adaptations needs to be identified and constructed. First a marsening heuristic hasto be
constructed; it needs to fulfil the cndtions that the input graphis not reduced to
triviality. An extension heuristic has to be constructed, so that noimprovement is lost
from the past refinement steps. For refinement algorithm there ae dready many avail able
versions mentioned in Chapter 3, which can easily be alapted. An initialising method
also neadsto be constructed and the whole scheme has to fulfil the multil evel condtions.

The Coarsening Step
Our proposed methodfor coarsening TSPtype problemsisto deaease the number of
citiesin theinpu graph. But for the methodto hdd condtion 1 and 2,this canna be

dore just by randamly removing cities. The method for coarsening we chooseto useisto
coll apse alges by creating a duster of the two citi es with the oll apsed edge.
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But first we need some definitions

A mapistheinpu graphto a auclidian Travelling Salesman Problem.

A city isa mordinate on map; it has an x coordinate and a'y coordinate.

A cluster isa mlledion d two or more dties, where the duster is represented asa dty on
the map. The mordinates of the duster are modified to reflect the cll apsed cities within
it by cdculating an average position. This condtionisincluded to full fill condtiontwo.

The marsening heuristics for the TSPwe have designed has two charaderistics.
1. Looking for edges that have ahigh probabili ty to be in the optimal solution.

2. Removing edges that are eay to fit in to the tour later, and thus creating a marsened
problem with the most difficult edges yet to pace

Thereasonfor including the first charaderistic isto locate edges that have ahigh
posshility of being in the optimal solution, and therefore the alges have alarge chance
for not needing to be changed after the extension d the solution.

The objed of thismethod isto produce agood solution after the extradion and therefore
deaease the work needed in the refinement step. These heuristics can be constructed by
using the principles of arealy existing tour construction heuristics because they work by
the same principles.

The second charaderistic isto coll apse alges that are easy to place in ead step. Thusthe
coarsening creates a solution with the most difficult edges to locate when the problem is
coarsened fully, and the difficulty to locate and dace €lges decreases therefore for each
extend step, whil e the size of the problem increases.

Inspiration for such charaderistics can be foundin methods for excluding passble moves
in optimisation heuristics.

Thelnitialization Step

The initialization d a warsened problem into a TSPtype problem is nat difficult for our
coarsening scheme. Since the output of the warseningisamap, it isaready a TSPtype
problem. The only initi ali zation we need to doisto transform the instance of type map
into aform our refinement algorithm can work with. Thisistypical to construct a TSP
tour onthe map. Such atour can be produced by just picking arandam start cluster then
at randam pick anew cluster to add to the tour until all clusters are included in the tour.
Another methodisto use an already existing tour construction heuristic onthe dusters.
The use of atour construction heuristic can passbly creae abetter input for the first
refinement step then just arandam generated tour.
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The Refinement Step

Thereisno reed to crede anew refinement algorithm for TSP. There ae dready many
well -tested refinement algorithms described in textbooks [1].
Some of them may need some minor adaptations to work with the MLS.

The Extension Step

The extending of the problem after the refining is an important part of the scheme.

The objed isto propagate the quality from the previous lution to the next refinement
step. To dothis the extending heuristic has to keep the order of the tour more or less
intad after the dusters has been split and the tour has been extended.

Therefore the @ll apsed edges are now reintroduced in the position d the duster in the
tour. The methodfor extension then works by locating every cluster that shall be opened
in the arrent level of expansion then splitti ng them by reintroducing the coll apsed edge
to the tour.

Hasthis Description of an Adaptation of the TSP Heuristic Fulfilled the ML S
Requirements?

This <heme fulfil s clearly the requirements for the general MLS.
Then the only thing left is to argue that the two conditions are held.

Condition 1

The point of condtion listhat if one does not use arefinement method,the MLS shoud
produce alegitimate solution d the problem. The wnstructed scheme dearly managesto
dothis. A tour is constructed in the initialising step. The extension heuristic for each new
split of a duster splits the tour in the position d the old cluster. On each end the two new
cities from the oll apsed edge is added. The tour is then reconneded again by adding the
edge between those two cities. This operation clearly does nat add any loop o fragments.
Therefore the resulting tour is gill avalid tour after ead splitti ng. The resulting tour is
therefore still valid after it has been fully extended. So it is possble for usto conclude
that condtion 1 hads.

Condition 2

The point of condtion 2isthat the marsened problem shoud na lieto far away from the
original problem. This conditionis held because for eat cluster reflects the wll apsed
edge dter merging. The warsened solution therefore inherits the hardnessof the original
problem, and hdds therefore wmndtion 2.

So this sheme for the MLS hadlds. The heuristics for each part are presented in detail in
Chapter 5.
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Direct Coarsening versus Reaursive Coarsening

Thereis dill an asped yet to be discussed before presenting the heuristics.

It isthe question d Direct versus Reaursive @arsening.

The general MLS heuristic presented in the preceding chapter is for Recursive
coarsening. This method credes clusters for each level by merging two clustersinto a
new cluster. Another methodto reducethe problem sizeisto use Dired coarsening [18].
This £heme has nearly the same strategy as the Reaursive warsening except it differsin
the carsening part. Instead o clearly levelled coarsening, Dired coarsening lets the
clusters grow urtil they read a predefined size and then evict the duster from the
possble dhoicefor merging. This does not damage ay of the dove-mentioned
restrictions. So Dired coarsening also hddsthe MLS condtions.

The heuristics for bath versions and the more subtle diff erences are explained in detail in
Chapter 5.

4.3 The Elementsthat needsto be Dedded and Developed in
our Study of the ML Sfor the TSP:

To ease the qeation d methods a general template for coarsening and extension realsto
be developed. Then using the general template, it is possbleto develop a set of todsto
usein bah clases. When thiswork isfinished, we need to creae the to dfferent MLS:
Dired and Recursive.

Now we are realy to develop the diff erent elements that shall be included in the two
different MLS. The only previously mentioned coarsening heuristic for TSPwas a
method aescribed in [19]. So to get inspiration for coarsening heuristics we will study the
field of tour construction and loca optimisation for ideas that can be turned into good
coarsening heuristics.

Thelast part studies how to integrate the refinement heuristics. Walshaw has used the
refinement methodLin-Kernighaninan MLS already [19], by making an interface to
CONCORDE [22]. Thereforeit would be interesting to experiment if the MLS would
work with another approximation strategy for TSP. We dhoseto use Smulated
Anneding, sinceit isan interesting method,and has as dated before still many

passhiliti es for optimisation [1].

Since S.A has $ many variables that need to be optimised, for S.A to sample the solution
space orrectly. This part will t herefore neaded considerable work in testing and
experimenting. The dgorithms and heuristics for each of these parts are presented in
Chaper 5 and Appendix 2. Results are presented and dscusd in Chapter 6 and Chapter
7.
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Chapter 5. The Multilevel Scheme for the Travelling
Salesman Problem

In this Chapter we are going to present the heuristics constructed by us, and modified for
use in the Multil evel Scheme (MLS) for the TSP. We will start by giving a detail ed
description d the Dired and Reaursive marsening schemes. For each scheme dl
necessary methods are presented in detail. Then we ae going to present the Simulated
Anneding and the alaptations and passble optimisations we plan to use. The objed of
this Chapter isto present an abstract and cetail ed view of the methods. The levels of
detail sin the methods are pseudocode. Detail s that are not important for the methods are
not presented. Included is also aworst-case runnng time analysis for each of the diff erent
parts developed. Detail ed description for each o the important heuristics and algorithms
used in our program can be foundin Appendix 2.

5.1 Introduction

Before of each MLS s presented, some common detail s foundin every method reeds to
be defined.

5.1.1 Notation

A MAP isan unadered colledion d cities (clusters). A TOUR isan ordered coll edion
of the dties (clusters). Both MAP and TOUR has szes, the expresson SIZE(element)
returnsthe size. A city or acluster isapaint in the plane with apair of coordinatesandis
always denoted with big letters. The wordinates of a dty is denoted within bradkets
behindthe aty, soif Aisa aty A(x) and A(y) isits coordinates.

When it isimportant to display the content of a duster the notationisa combination o
theinterna cities. If Ais merged with B to a duster it will be denoted as AB. The duster
coordinate is denoted in the same way as city coordinates.

5.1.2 Merging and Extraction of Clusters

In the scheme wnstructed by us, graphs are marsened by coll apsing edges. Merging
citiesin to clustersis dore by removing the annected citi es from the map, and then
adding the new cluster to the map instead. If this scheme shall hald the multil evel
condtion 2,the mordinate of the duster needsto be updated to refled the merged cities
within. When two cities or clusters are merged an average @ordinate is cdculate based
onthe wordinates of the involved cities or clusters. This new average aordinate is now
set asthe cordinate for the duster, which is added to MAP. The two cities or clusters are
then removed from MAP.
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When the problem is extended after refinement the dusters needs to be split i n to the two
cities which where merged. This processcdled extradionisthe dired reversal of
merging. But to hdd the multil evel restriction, extradion must ensure that the daties are
removed from the duster in the correct order. If a dty isremoved from the duster too
ealy, al the aumptions dore in the marsening are destroyed. These two processesis
from now on cdled MERGE(ELEMENT, ELEMENT) and EXTRACT(ELEMENT),
where ELEMENT isa duster or a aty.

5.2 The Reaursive and Direct Multilevel Scheme

The general structure for the MLS was presented in Chapter 4. In this Chapter the two
heuristics: Reaursive and Dired is presented in detail .

5.2.1 The Reaursive Multilevel Scheme

Reaursive marsening was the first coarsening scheme described. Reaursive marsening in
our scheme aeates clusters with an internal structure like abinary tree This gructure
makes it easy to keep track of the order of extradion from the dusters.

The extradion of the Recursive schemeis easy sincethe dusters are aranged as abinary
tree Splitti ng is dore by locating the roat, then removing the root node aeating two new
trees where the roots are added back to MAP. This can be repeated urtil there are only
treeswith noleaves left inthetour. This lution tadles the problem with the order of
extradion, and clealy holds the andtions mentioned in the description d the extradion.
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Name: RECURSIVE MLS

Input: MAP, number of coarsening levels.

Output: Finished TOUR.

1 for iA O; i<number of coarsening levels; i++
1.2 Prepare MAP for merging
1.3Coarsening_heur (MAP)
2 Initialize by creating a tour with the fully coarsened MAP.
3 Improve the tour with Refinement_alg (TOUR)
4for iA O;i<numlev;i++
4.2 extract alevel(TOUR)
4.3 Improve the tour with tour Refinement_alg
(TOUR)

Comments:
Input: number of coarsening levds.

This number is determined by cdculating how many times the graph reeds to be
coarsened to oltain the problem size we wish to use.

Line 1.2 prepare MAP for merging

Thislineincludes al the procesesinvaved in transforming the inpu and the adive
MAP into aformat usable by the marsening methods. The work involved in thisline
depends on the implementation d the diff erent coarsening methods.

Line 1.3 coarsening_leur (MAP)

Thisisthe general coarsening heuristic. The running time of this gep is dependent onthe
heuristic that has been used.
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Line 2: Create a tour onthe bottom levd.

Sinceoutput from the marsening is already of the TSPform, the method only needs to
initi alize the output from the aarsening to an input usable by the refinement method.
Therefore the runnng time shoud be no more then for one of the tour construction
heuristics presented in Chaper 3.

Line 3 and 4.3 Improvethe tour with tour refinement_alg (TOUR)

In this processa standard tour refinement heuristic isused. The running time of these
stepsis therefore dependent on the running time of the heuristic picked.

Line4.2 Extract alevd (TOUR)

In this gep the extradion principle is used and the running time is therefore dependent on
the method wsed.

Running time analysis:

The running time for the heuristic dearly depends of the @arsening depth and running
time of ead of the dements. Sinceit isimportant for the total heuristic to have anon
exporential running time, it must be ensured that ead part is non-exporential in time.
Therefore eab part creded by us must be analyzed, to ensure that no parts runin
exporential time.

5.2.2 TheDired Multilevel Scheme

Dired coarsening is the semnd MLS we are going to study. It does nat create the tree
structure seen in the Recursive heuristic. Instead it credes clusters with a predefined
largest size, in our scheme that sizeis defined to be on average four. In this scheme the
internal cities of clusters pointsto ead aher in circlesinstead of trees. The same
coarsening heuristic used for Reaursive coarsening can be used for Dired coarsening
except for afew differences. When amerging has been dore the dusters are alded back
to the map, instead of removed. When a duster grows to the predefined size, the duster is
set as nonvalid choice for merging. All other aspects are the same @ before, the only
differenceisthat the pointers within the dusters are aranged asalist and not asatree
structure.
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Name: DIRECT MLS

I nput: MAP

Output: Finished TOUR.

1 Prepare MAP for merging

2 Coarsening_heur(MAP)

3 Crede atour onthe bottom level.

4 Improve the tour with tour refinement_alg (TOUR)

5for iA 0; i< Size(Cluster); i++
5.1Extrad a aty from each cluster in TOUR
5.2 Improve the tour with tour
refinement_alg (TOUR)

Comments:

Line 1: prepare MAP for merging
Thislineincludes al the processesinvalved in transforming the inpu and the adive

MAP into aformat usable by the marsening methods. The work involved in thisline
depends on the implementation d the diff erent coarsening methods.

Line 2: coarsening_heur (MAP)

Thisisthe general coarsening heuristic. The running time of this gep is determined by
the heuristic that has been used.

Line 3: Create atour onthe bottom levd.
Sinceoutput from the @arsening is aready of the TSPform, the method only needs to
initialize the output from the a@arsening to an input usable by the refinement method.

The running time shoud therefore be no more then for one of the tour construction
heuristics presented in Chaper 3.
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Line4 and 5.3 Improvethe tour with tour refinement_alg (TOUR)

In this processa standard tour refinement heuristic isused. The running time of these
stepsis therefore dependent on the running time of the heuristic picked.

Line 5.1 Extract a city from each cluster in TOUR

In this dep the extradion principle is used and the running time is therefore dependent on
the method wsed.

Running time analysis:

The running time for the heuristic dearly depends of the marsening depth and running
time of eath of the dements. Sinceit isimportant for the total heuristic to have anon
exporential running time it must be ensured that each part is non-exporential in time.
Therefore we have to analyses each part creaed by us, to ensure that no partsrunin
exporentia time.

5.3 Coarsening

In the next chapters we will present the heuristics for each part of the two schemes.
In this chapter will first present the two general coarsening methods. Then we will
discussideas and methods used in the seledion part of the two coarsening heuristics.

5.3.1 Reaursive Coar sening:

Reaursive marsening takes asinpu a MAP and returnsa MAP half its sze.

The objed of the marsening isto locae alges that fit a predetermined criterion and
remove them from the MAP. The carsening method dees this by using a seledion
method the methodseleds the alges and uses the MERGE methodto remove them from
the MAP. It isimportant that thisisdonein nonexporential time so that the overall time
of the MLSis gill paynomial.
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Name: GENERAL RECURSIVE
COARSENING

I nput: MAP

Output: A coarsened MAP

1. Initialise MAP

2. While still ableto find merging partners
2.1Do merge seledion of A and B
2.2MERGE(A,B)
2.3Remove A and B from MAP
2.4Add AB to MAP
2.5Set AB asnot avail able for merging
2.6Update selectioninfo

I nput:

This method gets MAP in a state of coarsening asinpu.

Line 1: Initialise MAP

Some methods neal a spedal rearrangement of the MAP. For example creating a set of
possble algesto choaose from. The running time of this methodis dependent onthe
seledion type.

Line 2: While still able to find merging patners

Thisloopis exeauted at most N/2 times where N is the number of citiesin inpu

Line2.1: Do merge selection d AandB

In this gep the method chooses the merging partners. The running time is depends onthe
seledion method.

Line2.2to 2.5

These steps are merge steps and are nstant time operations.
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Line 2.6: Updae seledion info

Thisistheinformation required by some of the seledion methods. The running time
depend onthe selection method.

Running time analysis:

Thetotal running timeis dependent on the method of seledion. No part mentioned hereis
exporential.

5.3.2. Direct Coarsening:

The Direct scheme is smilar to the Reaursive scheme in most parts.
The same selection methods for Reaursive @marsening can be used for Direct coarsening.
But there ae threemajor changes to the method

1. The marsening isnot runin levels but until no more merging can be done.

2. When a duster is creded it is nat evicted from the possble merge partners, it is added
badk to MAP and set as avail able.

3. When a duster has grown in to a predefined size, it hasto be set as not avallable & a
choicefor merging.

Name: GENERAL DIRECT COARSENING
I nput: MAP

Output: A completely coarsened MAP
LInitilaise MAP

2. While still ableto find merging partners
2.1Do merge seledion of A and B
2.2MERGE(A,B)

2.3Remove A and B from MAP

2.41f AB< max-cluster-size

2.4.1Add AB to MAP

2.4.2Update

2.5else

2.5.1Add AB to MAP

2.5.2Set AB as not avail able for merging

40



Line 1: Initil aise MAP

Some methods neal a spedal rearrangement of the MAP. For example creating a set of
paosshble algesto choaose from. The running time of this methodis dependent on the
seledion type.

Line 2: While still ableto find merging patners

Thisloopis exeauted lessthan N times where N is the number of citi es merged.
Sincefor each exeaution d the loop ore aty isremoved and ore duster is added back.

Line2.1: Do merge selection d AandB

In this gep the method choaoses the merging partners. The running time is dependent on
the seledion method.

Line2.2to 2.5

All these steps trea the merging operation and are mnstant time operations. The
exceptionisLine 2.4.2where the arangements for the seleded step are updated. The
running time of that line depends on the selection method.

Running time analysis:

Thetotal running timeis dependent on the method of seledion. No part mentioned hereis
exporential.

5.3.3 Sdedion

The important part of the coarsening methods is the seledion d merging partners.

To find good seledion methods, we studied previously used ideas in tour construction
heuristics and aher selectionideas. From this basis a set of selection methods was
dedded onfor usto implement and test. In this chapter a description d each seledor is
presented together with the ideabehind the seledor.

Random
This method seleds two randam partners and merges them. The ideaisto crede atest
methodto seeif the different seledion methods have an effect. If the other seledion

methods produce asolution with higher quality than Randam, then it is the seledion
methodthat creaes the improvement.
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Timeanalysis:
Reaursive:

Randam does nat need any special ordering of MAP to function.
This givesus atota running time of O(N). The method can be foundin Appendix 2.

Dired:

Thereisno dfference between the Dired and the Reaursive structure for this method.
The update functionis nat needed and therefore the running timeis O(N).

Nearest Neighbour

This heuristic was inspired by the heary edge merging of N. Bouhmala[18].

The objed of heary edge merging isto find the arrent best avail able choice in the
problem space It was aso inspired by the Nearest Neighbaur tour construction heuristic
which isaparall el to the heary edge method. The seledion method pcks a randam a
cluster from MAP. It then locaes the nearest available duster on the map and merges
them.

Timeanalysis:

Reaursive:

The seledionloopis exeauted N/2 times. The dcheck for finding the nearest neighbaur is
exeauted N-I times for each iteration d N where | increase with 2for each time the loop
is exeauted. This gives us atotal running time of order O(N?), where N is the number of
cities.

Direa:

The seledionloopis exeauted N times. The dhed for finding the nearest neighbou is
exeauted N-I times for each iteration d N where | increase with 1for each time the loop
is exeauted. This gives us atotal running time of order O(N?), where N is the number of
cities.

Gredly

This sledion heuristic is an adaptation d the Greedy tour construction heuristic [1].

The Greedy tour construction heuristic is explained in Chapter 3.1.2.
This heuristic merges the two still vacant closest cities on the map.
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To be dleto findthe dosest cities fast, the method needs to use adistance matrix. Since
theinpu is of the type symmetric Euclidian instances, the distance matrix is upper
triangular and can be generated in O(N?) time.

When the distance matrix is generated it is posgble to creae afast lookuptable. The
lookuptables gores the closest cluster, for each cluster, together with the distance
between the dusters.

Then when two clusters are removed from the MAP, it is easy to updite the system, by
locaing all the dusters with a shortest edgeto ore of the two clusters removed, and then
update those antries.

Timeanalysis:
Reaursive:

Generating a distancematrix is dorein O(N?) time. Creding the Shortest edge List is
dorein O(N?) time. The seledionloopis exeauted N/2 times. The seledion is exeauted
for N-I timeswhere | increase with 2for each execution.

Where N is the number of cities.

Update has arunning timein K*N where K is the number of edgesto be updated andK is
usually much smaller then N, but it is posgbleto have avalue doseto N. Thisgivesusa
total running time of O(N*K). It isalso passhble by using a heg structure for each node
to get arunning time of O(N4ogN), bu it is not necessary worth the extra
implementation work, sinceK is usually much smaller then N.

Dired:

Generating a distancematrix is dorein O(N?) time. Creding the Shortest edge List is
dorein O(N?) time. The seledionloopis exeauted lessthan N times. The seledionis
exeauted for N-I times where | increase with 1for ead exeaution.

Where N is the number of cities.

Therest of the method kehaves as the Reaursive version and the running time analysis for
that part is as for the Reaursive version.

This gives us atotal running time of O(N**K). As for the Reaursive version it is possble
to use ahea structure for ead nade to get arunning time of O(N?ogN). But as for the
Reaursive versionit is not necessary worth the extraimplementation work.
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Figure 5.3.3.1Shows how the Nearest Neighbour and the Greedy selection functions.

Max Min

This €ledion methodis nat unlike the Grealy seledion; this grategy isto minimize the
sum of the length of the edges by seleding always the longest “ shortest edge” naot yet
merged.

It uses the same data structure & Grealy. But instead of seleding the shortest “shortest
edge” it selectsthe longest “shortest edge”.
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Time analysis:
Reaursive:

Generating adistancematrix isdorein O(N ) time. Creding the Shortest edge List is
dorein O(N ) time. The seledionloopis exeauted N/2 times. The seledion is exeauted
for N-I timeswhere | increase with 2for eadh execution.

Where N is the number of cities.

Update has arunnng timein K*N where K is the number of edgesto be updated andK is
usually much smaller then N but it is possble to have avalue doseto N.

This gives us atotal running time of O(N**K). It is also passble by using a hea structure
for each nock to get arunning time of O(N?ogN) but it is not necessary worth the extra
implementation work, sinceK is usually much smaller then N.

Dired:

Generating adistancematrix isdorein O(N ) time. Creding the Shortest edge List is
donein O(N ) time. The seledionloopis exeauted lessthan N times. The seledionis
exeauted for N-I times where | increase with 1for ead exeaution.

Where N is the number of cities.

Therest of the methodworks as for the Recursive method.

This gives us atotal running time of O(N**K). By using a hea structure for ead nadeis
for this methodalso passhble to get arunning time of O(N?ogN).

Square
Thisisthe seledion scheme used by C.Walshaw in[19].

Square selection works by ensuring that long edges are not merged in the upper levels of
the ML scheme. The ideafor this methodis that long edges have the highest possbili ty
of nat being a part of the optimal tour in auniformly spaced TSPinpu. It works by
partitioning the map in to squares, where eat square mntains an average number of
cities. When the square is caculated for the heuristic, it is assumed that the dtiesare
uniformly spaced. C. Walshaw proposed to have an average number of the dties equal to
ten in ead square. From those two naionsit is possble to cdculate the width and the
height of the squares with the square formula.

Definition: Square Formula
h=¥$Q1

Where A isthe aeaof the small est redangle mntaining all the dties, nisthe average
number of cities per square, and N is the number of cities on the map.
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Asthe graphis coarsened, hwill i ncrease becaiuse there will be fewer cities on the map.
Therefore it needs to be recdculated for ead level of matching. In the last coarsening
there will be only one square.

To pasition citi es within the squares a bucket sort adaptationis useful. Eadh bucket isa
square of MAP. Then it is easy to cdculate from the wordinate of each cluster to locate
which bucket it goesin to. The seledioninside each square is exeauted by finding the
closest city within the square or in one of the adjacent squares.

Timeanalysis:
Reaursive:

The cdculation d hisdorein constant time. Sorting in to the buckets takes O(N) times.
The seledionloopis exeauted N/2 times. The selectionis exeauted for N-1 times where |
increase with 2for each exeaution. This gives us arunring time of O(N?)

Dired:

This sledion schemeis not usablein Dired coarsening. The size of the squares must be
updated as the size decreases. Lealing to alot of work in resorting and updating, together
with the problem of when to recdcul ate the squares. Because of thisand sinceit is not
one of our seledion methods; choose we nat to implement the Square for the Dired
scheme.

Radius

Thisis an adaptation d the Square seledion strategy, it is an attempt to create an easy,
and onaverage, fast scheme. It works by using the formulafor cdculating the length of
the alges h in Square (see the Square method). This credes a drcle aoundead cluster
with dameter of h. The heuristic seleds arandam city or cluster and merges it with the
first foundcluster or city within this circle. This £heme provides us with away to ensure
that no long edges are merged in thefirst levels of merging.

Timeanalysis:

Reaursive:

The @nstant h can be calculated in constant time. The seledionloopis exeauted nomore
then N/2 times. The selectionis exeauted lessthen N times, where N is the number of
cities, bu can be aslargeas N.

This gives us aworst case running time of O(N?).
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Dired:

The constant h can be calculated in constant time, and sincethis operation is constant, it
ispaosshlefor hto be cdculated between each seledion. The selectionloopis exeauted
no more then N times. The seledionis exeauted lessthen N times, bu can be alarge &
N. This gives usaworst case running time of O(N?), where N is the number of cities.

5.4 Initialize

When MAP isfully coarsened it must be initiali zed to aform usable for the refinement
methodwe have thosen. Sinceit was chosen to use Simulated Anneding (S.A), the
coarsened map must be transformed in to aform usable by S.A. S.A takesasinpu a TSP
tour andrefinesit. Therefore problem the output from the @arsening must be
transformed in to this form. Sincethe product after the marsening is on the same form as
asymmetric euclidian input, using a standard tour construction heuristic to initialize the
output can therefore fulfill this criterion. The running time is therefore no more then the
running time for the dhasen tour construction heuristic. Where N is the number of
clusterswhen MAP isfully coarsened.

5.5 Extension and Extraction Heuristics.

The extradion d a duster isthe processof splitting a duster in two lesser parts. This
creaes an edge with two vertexesto be inserted in the tour. To ensure that the quality of
the solution from the last refinement step is not damaged in the extension, the new edge
must be inserted in the tour position d the split cluster. Sincethisis now an edge with
two vertexes, there are two passble ways to add the edge to the tour, seefigure 5.5.1
To insert the adge in one of the two dfferent ways shownin figure 5.5.1, ore can either
just use arandam method to chocse on d the possihiliti es, or use alocd optimisation
methodto ensure that the quality form the last refinement step is propagated to the next
refinement step.
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Figure5.5.1

Figure 5.5.1shows two different possbili ties for inserting the edge in TOUR.

Both o the extradion methods are presented here. There ae nored difference between
Dired and Recursive extension. The only differenceis the handing of cluster pointers
and will not be commented in this text.

But first let us present the general extension scheme:

Name: GENERAL EXTENSION
Input: A refined TOUR
Output: An extended TOUR

1.for al clusters
1.1SPLIT(CLUSTER)
1.2Insert edgein TOUR
1.3Remove CLUSTER from MAP
1.4add the two citiesto MAP

Comments:
Input: Arefined TOUR

Theinpu to the extension methodis the refined TOUR. Andit istherefore not necessary
toinitiaisethisinpu.
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Line 2. for all clusters

All current clusters need to be split. The method searches the tour and splits the airrent
clusters. Since dl clusters needsto be split, thisloopis exeauted N times where N isthe
number of clustersin input.

Line2.1SPLIT(CLUSTER)

Thisisthereversa of the MERGE operationand is a mnstant time method.
Line2.21nsert edgein TOUR

Inserts the edgein the TOUR at the pasition d the duster. Two methods has been created
for this, bah have @nstant time operation, so that step has a cnstant running time

Line2.3t0 2.4

Updates MAP and are constant time operations.

Timeanalysis:

All li nes except line 2 are mnstant time operations which gives us arunnng time of O(N)
where N isthe number of clustersat inpu.

Edgeinsertion:

Two dfferent edge insertion methods RANDOM and BEST-FIT shall be tested.
The objed behind the test of diff erent edge insertion methodsisto experiment if it is
possble propagate better the quality from the past refinement step.

RANDOM

This method choases randomly one of the two ways to insert edges, as depicted in figure
551

BESTFHIT
This method minimizeslocdly the length of the new line segment added to TOUR.
In the figure this method would minimize the length o the path from E-A.

By locating the shortest path of the two dfferent posgble pathsin figure 5.5.1
It then inserts the edge F-G in the setting that minimizes this line segment.
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Thiscdculationis aso a mnstant time operation, bu has a mnstant factor higher then
RANDOM.

5.6 Refinement

We now move onto present the refinement method. Sinceit isimportant for the
comprehension d our experiments to understand the refinement method, Simulated
Anneding is present here in detail . Because Simulated Annealing do nd have an
exporential running time and it is not one of our designs, there will not be presented a
runnng time analysisfor it.

5.6.1 Simulated Annealing Generally

The principle behind Simulated Anneding was explained in Chapter 3.3.3.
In this chapter the Simulated Annealing (S.A) adapted to TSPis presented.

The principle of the TSPversion d S.A isvery like the principle of anormal locd search
strategy. It uses permutations of the input tour to look for improvements.
The permutations used are innfad adaptations of locd search methodks.

But S.A isanimprovement of the locd search strategy used. Since S.A has the aility to
domovesthat are not an improvement of the tour, but can be so in the future.

S.A startswith an inpu tour S.It then creaes a wpy of the tour S* which S.A setsasthe
best current tour. We now have two tours Sand S*. One to work with S,and ore where it
store the best possble versionfoundS*.

S.A then starts to make permutations of the tour and creaes atemporary S . When a
permutation is made, it compares the resulting length with S*, if it is of higher quality
then S* it discads S*and sets S asS*and S.

If it isnot the best current solution, it is not discarded asin alocd seach method.S.A
now chedksif it shall continue to work onthe weaker solution. Each move has a percent
chanceto be gproved if it isnat the best current solution. If it accepts the move, Sis
discarded and S is st as S,and S.A continues to work onthis new tour. Or elseit
discards S and makes a new permutation onS. The percent chancefor acceptance of a
bad move is lowered as the solution 2000l s°.

This goes on urtil the solution hes #rozen®, when a bad move has avery minute chance
to be acepted.
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Now let us present Simulated Anneding.

Name: SIMULATED ANNEALING
I nput: TOUR
Output: Refined TOUR

1. Generate astarting solution S and then set the initial
champion solutionS* = S.
2. Determine astarting temperature T.
3. While nat yet frozen do,the foll owing:
3.1While nat yet at equili brium for this temperature, dothe
foll owing:
3.1.1 Choaose arandam neighbour S’ of the arrent
solution.
3.1.2 6HNI / HJW6Y -Length(S)
3.13 if 0”
3.1.3.1SetS=S
3.1.3i2 Length (S)<Length (S*)
3.1.3.25kt S*=S
3.1.4dse
3.1.4.1chocse arandam number r uniformly from
[0,]].
3.1.42ifr<e T
3.1.4.2.1 Set S=S
3.1.4 Enda&Vhile nat yet equilibrium®loop
3.2Lower thetemperature T.
3.EndaWhile nat yet frozen® loop.
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Comments:

Linel

In the Multil evel Scheme the starting solutionis the previous expanded TOUR.
Line2

To determine start temperature aformula suggested by N. Bouhmala[21] was used
T_init = -0GQIW Savg /log(P),

. KHHO®GRIW Savg is cdculated by repeatedly doing iterations on Sand cdculate the
average of the dhanges.

P isthe probabili ty for a acepting a bad move (an uphill move),

P valuesisfrom 0.99999->0.00000 A P value of 0.80gives an uphll move an 80%
chance of being accepted.

Line 3

Theloopin thisline has a stop condtion for when the solution temperature is equivalent
to afrozen solution. The temperature for the frozen solutionis st as a static value that
can be lowered if the solution still has posshiliti es for improvement.

Line3.1

The number of exeautions of thislineis defined as the search length. Thisis the number
of changes, which can be performed to atour beforeit isrgeded.

This number needsto be aljusted. It is also dynamic in the sense that it checksif there
has been an improvement. If it has been improved within afador, it does not lover the
temperature, else if noimprovement was foundthe temperatureislowered. This gep is
the main contributor to work in the S.A, and alarge number for seach depth and
therefore leads to a awnsiderable running time.

Line3.1.1

Thisisthe processof making a permutation onthe TOUR. This can be done in many
ways,; usualy by using alocd seach strategy.

Line3.1.3.2
If anew champion solutionis found,the champion solutionis updated.
Line3.1.4.2

Thisline dedsif the bad move is acceted and the work TOUR is updated with this bad
move.
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Line3.2

The lowering of the temperature is exeauted by multi plying the arrent temperature with
avalue from 0.9to 0.999 Most authors recommend 0.95.

Line3.3

In this line the not frozen loopis ended with a dynamic check onif the solution hes
frozen. The method has a value where it is anticipated that the solutionis frozen. When
the temperature reaches thisvalue, S.A startsto ched if the solutionis frozen, by testing
if there has been an improvement in the last runs of the search loop. It continues to run
whil e the solution still improves. Thisvalueis st in[21] to be 2°.

5.6.2 S.AA Adaptationsto the Multilevel Scheme

Sincethe quality of theinput tour before the refinement from Simulated Anneding (S.A)
isof high quality, S.A can be started ona much lower chancefor accepting an uphill
move than arandam input. This saves alot of running time since the temperature does
not haveto be lowered so dften.

But the best start value for the percent chance of aacepting an uphll move, can orly be
foundby experimenting with the settings. Thisis one of the many optimisations S.A
needs before it can work properly with our MLS.

Optimisations:

As mentioned before the mrrect percent chance of aacepting uphill moves hasto be
locaed. The others are:

Choasing the @rred permutation method and ogimising the length of the seach path.
Testing the dfed of the dynamic search depth.

All these optimisationsis explored in Chapter 6.

5.6.3 S.A Permutations

To find tour improvement, S.A uses permutations. It isasimple scheme. It changes the
tour in some randam way and compares the new length with the old length and checks if
it improves the quality of the tour. Many permutation schemes has been used and
proposed, wsudly it isaK-Opt move. The main diff erence between them is the number of
edges changed. One of our objedsin this paper is to test diff erent permutation methods.
The reasonis that the diff erent permutation methods have been shown to na behavein
the same manner [1], andit isimportant to find ane that suits our task.
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Therefore it was chosen to test diff erent methods for permutation. Four different
permutations have been chasen to usein the experiment, all of them are alaptations of
the locd refinement methods described in Chapter 3: 2-Opt, 3-Opt, 2.5Opt and
Exchange 2-Opt.

5.7 Comparing Our Scheme with Chris Walshaws Scheme.

Since C.Walshaw alrealy has shown that it is possbleto crege aMLS[19] for the
Travelling Salesman Problem, it is interesting to compare our scheme with histo see
where we fit into the picture.

Our Reaursive scheme is modell ed after C.Walshaws sheme. As refinement method
C.Walshaw used LK and chained LK instead of Simulated Anneding. He implemented a
multil evel interfaceto the perfeded TSPsolver Concorde]22]. The Square method
described in ou text, is modell ed after the same @arsening method wsed by him. The
objed of C.Walshaws paper was to show that it was possbleto creae aMLSfor TSP,
Compared with ou goal to test diff erent schemes and dff erent coarsening methods,
C.Walshaw also focused ontesting the quality produced by ordinary LK and dff erent
settings of chained LK with Concorde.

Chapter 6 Experimental Results

In this chapter the results obtained by testing the diff erent Multil evel Schemes will be
presented and compared. The objed isto check if the different MLS is returning results,
and which elements developed for the ML S is best to combine. Included is also the
testing of the different adaptations developed for Simulated Anneding. The best settings
foundisthen used to create areference table, comparable with ather results for TSPLIB
instances.

6.0 Starting the Experiments

First some initial information concerning the experiments needs to be presented before
the results can be studied. This chapter explains the detail s used in the experiments.

System settings:
All test runs were done on a pc Pentium Il with an 800Mhz processor and 128 MB ram,

using the Windows ME operating system and the Dev-C++ Compil er/Debugger. The
program was written in the programming language C. All test instances used is from
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TSALIB [26], ranging in size from 10° to 2*1( cities. All test instances used can be
foundin Appendix 3, where size and ogimal length for each instance ae given.

The Parameters

As mentioned before, thereis arange of different parameters that needs to be optimised
in this experiment. It is always best to start working with ogimal parameters, bu since
thisisnat an opionfor us; some of the parameters must be predetermined.

Search length

The seach length was set to avalue of 2N where N is the number of citiesin the arrent
step. That value was chosen sincewe would like to start with areasonable fast running
time.

Refinement

As arefinement methodthe 2.5-Opt was chosen sincewe wanted to investigate the
performance of this method.

Temperature deaement factor

The Temperature deaement fador is st to 0.99. Sincewe hope that thisvalue will give
us finer resolution, when we test methods that perform nealy identical.

Chanceof accepting move at start

Was <t to avalue recommenced in [21] 30%.

Seledion Method

The Nearest Neighbaur (N.N) selection methodwas sleded for coarsening. Sincethe
principle behind this slectioniswell tested in ather TSPstudies, it shoud therefore
perform well for our use.

Method of extraction

Thisisthe parameter that needs to be tested first, sinceit can have an important effect on
the rest of the scheme. Therefore there is noinitial method set here.
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6.1 Effect of Different Extraction Methods on the Extension
Step

Two dfferent methods for extradion hes been developed, seeChapter 5.5. Sincethe
extension step isimportant for the experiment, we have to be sure that we use the best
possble methodfor this gep. The two dfferent methods was BESTFIT and RANDOM.

Table 6.1.0Experiment settings:

Parameters Value
Search length 2N
Refinement 2.5-Opt
Temperature deaement factor 0.99

Chanceof accepting move at start | 30%
Seledion Method Neaest Neighbou

Method of extraction Varies

We dhocse to use aset of different test instances for this experiment. The two extradion
methods on dfferent instances after ead step of extradion are then compared. The object
isto seeif thereisadifferencein the quality after ead extension step. The table uses
normali sed values; they are obtained by taking the length produced by RANDOM

divided by the length produced by BESTFIT. This produces an easy to urderstand table
for comparison, where 1 isequal. If the valueislarger then 1, RANDOM produces a
longer tour after extension. If the value islessthen 1, RANDOM produces a length
shorter then BESTFIT.

Table6.1.1 Compares the two dfferent methods for extraction d a set of graphs after
each extraction.

Step: pri1002 d1291 u2319 rl5915 brd14050 average
6 1.291 1.197 1.147 1.200 1.175 1.202
5 1.188 1.203 1.140 1.183 1.149 1.173
4 1.243 1.154 1.154 1.114 1.170 1.167
3 1.219 1.195 1.162 1.160 1.160 1.179
2 1.182 1.158 1.167 1.165 1.146 1.163
1 1.116 1.144 1.163 1.174 1.181 1.156
0 1.164 1.183 1.169 1.188 1.174 1.175
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Conclusion:

From the table it can easily be seen that RANDOM extradion produces results with
lower quality than BESTFIT. Since dter each step of extradion onall i nstances the result
by using RANDOM isworse the results from BESTFIT.

RANDOM producesinnfad tours that are dways in average 1.15times longer than
BESTFIT. Therefore the use of the BESTFIT method popagates better the quality from
the past refinement step. The difference isaso nearly equal onall stepsfor ead instance.

6.2 Coarsening Size for Reaursive Coarsening

Sinceit isimportant to test when the marsening for the Reaursive scheme shoud be
halted, we dhoase to test diff erent coarsening sizes on dff erent tables. The ideaisthat by
reducing the size of the problem to 10% would be sufficient. We cmmpared the results
obtained by reducing it first to 20% and then to 50%.

Table 6.2.0Experiment settings:

Parameters Value
Search length 2N
Refinement 2.5-Opt
Temperature deaement factor 0.99

Chanceof accepting move at start | 30%
Seledion Method Grealy
Method of extraction BESTFIT

In this normali zed table we have used the result from our assumed reductionto 10% by
dividing the results from the other settings by the results produced by reducing it to 10%.

Table 6.2.1Compares the marsening size for Recursive @arsening

Name: pr1002 r15915 pla7397
20% 1.005 1.017 1.014
50% 1.015 1.138 1.127

From thetableit isobviously that the reductionto 10% produces better results then bah
of thetwo ather sizes. But the quality increase obtained by reducing the number of cities
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onthe MAP from 20% to 1% istoo small to let us believe it is useful to reducethe
instances any more. We can therefore conclude that it is enough to coarsen the instances
to asize where only 10% percent of the dties are adive.

6.3 Comparing the Different M ethods of Selection for
Reaursive Coar sening

The development and testing of the different methods of coarsening, is one of the main
goals of this paper.

The experiment has threeparts.

Testing different seledion methods for Reaursive marsening

Testing different seledion methods for Direct coarsening methods

Comparing Reaursive marsening with Direct coarsening.

Testing different seledion methods for Reaursive marsening is best done by comparing
the results from runs on the same instance with dfferent seledion methods.

A set of test instances where seleded, and as for the previous experiments normali zed
valuesisused.

Table 6.3.0Experiment settings:

Parameters Value
Search length 2N
Refinement 2.5-Opt
Temperature deaement factor 0.99

Chanceof accepting moveat start | 30%
Seledion Method Varies
Method of extraction BESTFIT

In these tables the normali zed values are calcul ated by taking the result value from the
row and dvideit by the value in the mlumn. The tables are therefore best read row by
row. Asfor the last experiment 1 is equal, larger then 1islonger andlessthen 1is
shorter.
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Table 6.3.1Compares the different methods of seledion with the Reaursive coarsening

scheme.
Name:
pr1002 N.N Greedy Min Sum Square Radius Random
N.N 1.000 1.002 0.983 0.968 0.833 0.584
Greedy 0.998 1.000 0.981 0.966 0.831 0.583
Min Sum 1.017 1.019 1.000 0.985 0.847 0.594
Square 1.033 1.035 1.015 1.000 0.860 0.603
Radius 1.200 1.203 1.180 1.162 1.000 0.701
Random 1.712 1.715 1.683 1.657 1.426 1.000
Table 6.3.2Compares the different methods of seledion with the Reaursive coarsening
scheme.
Name:
rl1323 N.N Greedy Min Sum Square Radius Random
N.N 1.000 1.028 0.975 0.760 0.793 0.501
Greedy 0.973 1.000 0.949 0.740 0.772 0.487
Min Sum 1.025 1.054 1.000 0.780 0.813 0.514
Square 1.051 1.080 1.025 1.000 0.834 0.527
Radius 1.261 1.295 1.229 0.958 1.000 0.631
Random 1.996 2.051 1.947 1.518 1.584 1.000
Table 6.3.3Compares the different methods of seledion with the Reaursive coarsening
scheme.
Name:
u2319 N.N Greedy Min Sum Square Radius Random
N.N 1.000 1.010 1.015 0.956 0.839 0.597
Greedy 0.990 1.000 1.005 0.946 0.830 0.591
Min Sum 0.985 0.995 1.000 0.941 0.826 0.588
Square 1.046 1.057 1.062 1.000 0.877 0.625
Radius 1.193 1.204 1.211 1.140 1.000 0.712
Random 1.674 1.691 1.700 1.600 1.404 1.000
Table 6.3.4Compares the different methods of seledionwith the Reaursive coarsening
scheme.
Name:
r15915 N.N Greedy Min Sum Square Radius Random
N.N 1.000 1.029 0.949 0.939 0.719 0.361
Greedy 0.972 1.000 0.922 0.913 0.699 0.351
Min Sum 1.054 1.084 1.000 0.990 0.758 0.380
Square 1.065 1.096 1.010 1.000 0.765 0.384
Radius 1.392 1.431 1.320 1.307 1.000 0.502
Random 2.773 2.852 2.631 2.604 1.993 1.000
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Table 6.3.5Compares the different methods of seledionwith the Reaursive coarsening

scheme.
Name:
pla7397 N.N Greedy Min Sum Square Radius Random
N.N 1.000 1.032 0.996 0.971 0.785 0.301
Greedy 0.969 1.000 0.965 0.941 0.761 0.292
Min Sum 1.004 1.036 1.000 0.975 0.788 0.302
Square 1.030 1.063 1.026 1.000 0.808 0.310
Radius 1.275 1.315 1.269 1.237 1.000 0.384
Random 3.323 3.427 3.309 3.226 2.607 1.000
Table 6.3.6Compares the different methods of seledion with the Reaursive coarsening
scheme.

Average: N.N Greedy Min Sum Square Radius Random
N.N 1.000 1.023 0.976 0.910 0.783 0.437
Greedy 0.978 1.000 0.954 0.890 0.766 0.428
Min Sum 1.025 1.048 1.000 0.933 0.802 0.448
Square 1.045 1.069 1.019 1.000 0.817 0.456
Radius 1.282 1.311 1.250 1.166 1.000 0.555
Random 2.451 2511 2.393 2.251 1.903 1.000

Conclusion

The test experiments from the seledion methods for Reaursive marsening show us that
the result of each of the methods had better quality than the Randam seledion method.

This clealy indicates that the diff erent seledion methods have an effect. Greedy
produces clealy the best results snceon rearly al i nstances it produces better results
than the other methods. Neaest Neighbou is good secondwith MinSum and Square
producing nearly equal results. Radius clealy produces aworse tour than the other

methods but it still works better then the Random seledion.
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6.4 Comparing the Difference Between the M ethods of Direct
Coar sening.

The goal of this experiment is the same & for the Reaursive aarsening.
We wish to find the best overall selection methodto be used with or MLS

Table 6.4.0Experiment settings:

Parameters Value
Search length 2N
Refinement 2.5-Opt
Temperature deaement factor 0.99

Chanceof accepting move at start | 30%
Seledion Method Varies
Method of extraction BESTFIT

A set of test instances where seleded, and as for the previous experiments normali zed
valuesisused.

In these tables the normali zed values are calculated by taking the result value from the
row and dvideit by the value in the mlumn. The tables are therefore best read row by
row. Asfor the last experiment 1 is equal, larger then 1islonger andlessthen 1is
shorter.

Table 6.4.1Compares the different methods of seledionwith the Dired coarsening
scheme.

pri1002 N.N Greedy Min Sum Radius Random
N.N 1.000 1.026 1.006 0.900 0.607
Greedy 0.975 1.000 0.980 0.878 0.592
Min Sum 0.994 1.020 1.000 0.895 0.604
Radius 1.111 1.139 1.117 1.000 0.674
Random 1.647 1.689 1.656 1.483 1.000
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Table 6.4.2Compares the different methods of seledionwith the Dired coarsening

scheme.
rl1323 N.N Greedy Min Sum Radius Random
N.N 1.000 1.037 1.010 0.855 0.507
Greedy 0.964 1.000 0.974 0.824 0.489
Min Sum 0.990 1.027 1.000 0.846 0.502
Radius 1.170 1.214 1.182 1.000 0.593
Random 1.972 2.046 1.993 1.685 1.000

Table 6.4.3Compares the different methods of seledionwith the Dired coarsening

scheme.
u2319 N.N Greedy Min Sum Radius Random
N.N 1.000 1.007 1.006 0.888 0.611
Greedy 0.994 1.000 1.000 0.882 0.608
Min Sum 0.994 1.000 1.000 0.882 0.608
Radius 1.126 1.134 1.133 1.000 0.689
Random 1.635 1.646 1.645 1.452 1.000

Table 6.4.4Compares the different methods of seledionwith the Dired coarsening

scheme.
rl5915 N.N Greedy Min Sum Radius Random
N.N 1.000 1.089 1.025 0.780 0.347
Greedy 0.918 1.000 0.941 0.716 0.319
Min Sum 0.975 1.063 1.000 0.760 0.339
Radius 1.283 1.397 1.315 1.000 0.445
Random 2.880 3.138 2.953 2.246 1.000

Table 6.4.5Compares the different methods of seledionwith the Dired coarsening

scheme.
pla7393 N.N Greedy Min Sum Radius Random
N.N 1.000 1.073 1.041 0.862 0.306
Greedy 0.932 1.000 0.970 0.804 0.285
Min Sum 0.961 1.031 1.000 0.829 0.294
Radius 1.159 1.244 1.207 1.000 0.354
Random 3.272 3.511 3.406 2.822 1.000

Table 6.4.6Compares the different methods of seledionwith the Dired coarsening

scheme.

Average N.N Greedy Min Sum Radius Random
N.N 1 1.0464 1.0176 0.857 0.4756
Greedy 0.9566 1 0.973 0.8208 0.4586
Min Sum 0.9828 1.0282 1 0.8424 0.4694
Radius 1.1698 1.2256 1.1908 1 0.551
Random 2.2812 2.406 2.3306 1.9376 1
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Conclusion:

The Direct seledion methods reproduce nearly the same results as the Recursive seledion
methods. But the diff erence between the different seledion methods has changed
somewhat. The Grealy method produced the best results in Dired coarsening asin
Reaursive marsening, and all methods dill produces better results than the Randam
seledion. But the difference between the seledion methodsisless N.N and Min Sum
produce nearly identical results, espedally in the small er instances. The difference
between Gready and N.N isalso less Radius sledion still produces the wegkest result
but the differenceislessin the Dired scheme then in the Reaursive scheme.

6.5 Comparing the Difference Between Dired and Recursive
Coarsening

The last experiment for the diff erent coarsening schemesis to compare the result from
Dired coarsening with the Reaursive marsening seledion. Sincethe last two experiments
showed the different qualities for ead seledion type, this experiment compares the result
from the Reaursive methodwith its Dired courterpart.

Table 6.5.0Experiment settings:

Parameters Value
Search length 2N
Refinement 2.5-0Opt
Temperature deaement factor 0.99

Chanceof accepting move at start | 30%
Seledion Method Varies
Method of extraction BESTFIT

In this table we have cdculated the normalized values by dividing the result from the
Reaursive scheme with the result of the Dired scheme. If the valueislarger then 1,the
Reaursive scheme islonger then the Dired. If it islessthen 1,the Reaursive schemeis
shorter.
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Table 6.5.1Compares the difference between the Reaursiveand Dired coarsening
scheme for each of the seledion methodks.

pr1002 rl1323 u2319 r15915 pla7397 Average:
NN 0.991 1.006 1.007 1.034 1.010 1.010
Radius 1.071 1.084 1.066 1.122 1.110 1.091
Min sum 1.014 1.043 0.998 1.118 1.055 1.046
Greedy 1.015 1.016 1.004 1.095 1.050 1.036
Random 1.030 1.019 1.031 0.996 1.025 1.020

Conclusion:

Comparing the two dfferent coarsening schemesit is obvious that the Dired coarsening
performs better than the Reaursive @arsening, for al the diff erent selection methodks.

Thiscan ony lead usto ore wnclusion. The Dired MLS is more powerful than the
Reaursive MLS. This means that the experiments of N. Bouhmala[ 18] where he shows us
that the Dired scheme produces higher quality for Graph Partioning also holds for the
Travelli ng Salesman Problem. An interesting observationisthat this also hdds for the
Randam seledion method and we can therefore conclude that it isthe @arsening scheme
that produces the improvement effed. It can aso bereal from the table that the
differencevaries. Radius clealy produces a better result for Dired coarsening whil e the
differenceisvery littl e for Nearest Neighbou.

6.6 Simulated Annealing Adaptations

As mentioned before S.A parameters needs to be twegked before they work correctly.
The best seledion method and best scheme has now been identified; it is therefore now
possbleto start to adjust S.A so that it produces the best possble results with our best
MLS.

6.6.1 The Length of the Search Path

Thelength of the search path needsto be determined. There ae two obvious chaices for
seach path length, either a constant multiplier, or a variable dependent on the size of the
map. The length of the search path is one of the main contributors to the running time for
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S.A. Therunnng time of S.A depends on the following fadors M*N*T*K: WhereK is
the time for each perturbation, T is the number of temperature decreasing steps, M*N is
the length o the search path which isamultiplier M of the Size of the problem N.

The search length is also dynamic because the Simulated Anneding does not lower the
temperature before it reaches equili brium. The solution reades equili brium if it has not
change more than 2% in the last search step. Therefore, since we use this equili brium
condtion, a @mnstant value for M shoud be enough.

Table 6.6.1.0Experiment settings:

Parameters Value
Search length Varies
Refinement 2.5-Opt
Temperature deaement factor 0.99
Chanceof accepting move at start | 30%
Seledion Method Gredaly
Method of extraction BESTFIT

The two graphs pr1002and u2319wvas sleded for this experiment, the sizeisan
important fador here, because testing for M closeto N takes along time, but the instances
shoud sample the problem spacewell enough.

pri1002
290000
285000
[ )
280000 .
° ° L4 °
275000- ; ; ; ; he ; 4 ;
N N*2 N*4 N*8 N*14 N*20  N*N/40 N*N/20 N*N/12

Plot 4.6.1.1shows the length for different values of M onthe graph pr1002.
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u2319

260000
255000
°
250000
°
245000 . . . . . o
240000+ : : 1 1 1 : : i
N N*2 N*4 N*8 N*14 N*20 N*N/40 N*N/20 N*N/12

Plot 4.6.1.2shows the length for diff erent values of M onthe graph u2319

Conclusion:

Asone can seefrom the figures, avalue of M=20 are well within the range where the
solution for both instances dabili ses. Then, if M is sleded to be equal to 20, it shoud
represent a sufficient value for M for most graphs to read stabili ty.

6.6.2 The Probability of Accepting Moves and the Temperature
Decrement

The Probability of Accepting M oves

The start probabili ty of accepting moves was proposed by N. Bouhmala[21] to be 30%.
By experimenting with this value we foundthat the quality deaeases dightly by reducing
it to 20%. Reducing the value to 10% resulted in an increase of more then 5% diff erence
in length compared with a value of 30%. By increasing the value to more then 30% there
isadlightly gain bu not enough compared to the increase in running time. Hence avalue
between 10% and 40 gave us the best results. The diff erence between 30% and 20%
showed that 30% was a bit better than 20% but with an increase in running time. This
time auld be utili zed in a different place to get better results. So avalue of 25% for this
variableis aufficient.

The Temperature Decrement

The temperature decrement is also an important factor in the total running time for
Simulated Anneding. Usualy in the literature thisfador is st to be 0.95[1][ 21]. Vaues
from 0.90to 0.99weretested. A fador higher than 0.99gives a higher quality but the
runnng time increases very fast. Vaues lower then 0.90results in afast runnng time, but
alower quality solution. 0.95is onaverage goproximately 6% longer then 0.99and 0.90
isabout 8% longer than 0.95.

So onsmall graphs, sizes<10*, adecrement fador of 0.99can be used without problems.
On sizeslarger then 10 a deaement factor of 0.95 gives us a reasonable result.
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Table 6.6.2.0Experiment settings:

Parameters Value
Search length 2N
Refinement 2.5-Opt
Temperature deaement factor 0.99Varies

Chanceof accepting move at start | Varies/25%
Seledion Method Grealy
Method of extraction BESTFIT

The probabili ty of accepting moves was performed with a temperature decrementing
fador of 0.99 The temperature deaement factor was dore with a probabili ty of
aacepting moves at start of 25%.

6.6.3 Comparing the Different M ethods of Permutation

Permutation is the most important part of the Simulated Anneding. It is the permutation
that all ows usto find the new solutions. Usually the permutation methodis a K-Opt
move, and we have focused onsome of the best-known versions. We found it necessary
to test several methods, sinceit would be interesting to seeif thereis abest possble
permutation methodthat can be used with our MLS. We would also liketo knaw if the
quality discusson d different permutations discussed in [1], also hddsfor inpu
produced by the MLS.

After someresearch into the field of locd search strategies we dedded to test the

foll owing permutations: Exchange, 2-Opt, 2.5Opt and 3-Opt. All these permutations are
described in detail in Chaper 3.2,and they can also be found pesented in Appendix 1.
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Table 6.6.3.0Experiment settings:

Parameters Value
Search depth 2N
Refinement Varies
Temperature deaement factor 0.99
Chanceof accepting moveat start | 30%
Merging Method Grealy
Method of extraction BESTFIT

Asfor the tables cdculated for the seledion experiments, these tables have normali zed
values. They are calculated by taking the resulting value from the row and dvideit by the
value in the wlumn. The tables are therefore best read row by row. Asfor the last
experiment 1 isequal, larger then lislonger andlessthen 1is dorter.

Table 6.6.3.1Compares the different methods permutation

pri1002 2-Opt 3-Opt 2.5-Opt Exchange
2-Opt 1.000 1.202 1.214 0.868
3-Opt 0.832 1.000 1.010 0.722
2.5-Opt 0.823 0.990 1.000 0.715
Exchange 1.151 1.385 1.398 1.000
Table 6.6.3.2Compares the different methods permutation
u2319 2-Opt 3-Opt 2.5-Opt Exchange
2-Opt 1.000 1.165 1.166 0.936
3-Opt 0.858 1.000 1.001 0.804
2.5-Opt 0.858 0.999 1.000 0.803
Exchange 1.068 1.244 1.245 1.000
Table 6.6.3.3Compares the different methods permutation
r15915 2-Opt 3-Opt 2.5-Opt Exchange
2-Opt 1.000 1.453 1.377 0.953
3-Opt 0.688 1.000 0.948 0.655
2.5-Opt 0.726 1.055 1.000 0.692
Exchange 1.050 1.526 1.446 1.000
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Table 6.6.3.4Compares the different methods permutation

pla7397 2-Opt 3-Opt 2.5-Opt Exchange
2-Opt 1.000 1.417 1.348 0.903
3-Opt 0.706 1.000 0.951 0.637
2.5-Opt 0.742 1.051 1.000 0.670
Exchange 1.108 1.570 1.493 1.000
Table 6.6.3.5Compares the different methods permutation
brd14051 2-Opt 3-Opt 2.5-Opt Exchange
2-Opt 1.000 1.368 1.266 0.997
3-Opt 0.731 1.000 0.926 0.729
2.5-Opt 0.790 1.080 1.000 0.788
Exchange 1.003 1.372 1.270 1.000
Conclusion:

The test showed clearly that a weaker than 2-Opt method gave no gain in quality, andthe
use of such amethodis therefore of novauein this case. The 2-Opt permutation
produced acceptable quality for small i nstances, but for the larger instances the quality
deteriorates quickly. The overall best permutation methodwas 3-Opt, but 2.5-Opt had
approximately the same quality onthe small graphs as 3-Opt. But since 2.5-Opt
deterioratesin quality on larger instances, 3-Opt is better then 2.50pt.

The results foundwere comparable with the results from the comparison o diff erent
locd seach methodsdonein [1]. It istherefore posgble to conclude that our scheme
works as aregular TSPproblem, alsointhefield of permutations. We can therefore get
improved results by using a 3-Opt permutation when our result-tables are generated.

6.7 Reference Results

For every Travelli ng Salesman solver creaed it isimportant to provide reference-results.
In that way other researchers can recreate or compare their results with ous.

As said in Chaper 2.3it was recommended in [1] to provide such results and use a
problem set avail able for every interested researcher. We seleded a set of instances from
the TSPLIB padket, since instances from that packet are included in many studies of the
Travelli ng Salesman Problem, and results are available from other researchers onthe
DIMACS[7] web site. Theresults provided is performed by using the best settings
foundin Chapter 6: The GREEDY seledion method, combined with the Dired
coarsening scheme, the extradion method BESTFIT and the different settings for
Simulated Anneding. We used these settings on diff erent instances to produce a
reference table for a set of standard graphs.
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The results provided can aso be used by students who creates other coarsening schemes
asreferencefor comparing their results; see Appendix 4 for further research passbiliti es.

In the table we present the results from Simulated Anneding, and for Simulated
Anneding used as a gready method.S.A isturned into this greedy version by setting the
start temperature to 0, there by not al owing any uphill moves. The results are presented
in percent excesslonger than the optimal tour length. The reason for choosing to present
also the result for the greedy S.A, isthat it isagood tod for comparison when studying
the dfed of the S.A. Also included are the results from C.Walshaws Multilevel Lin-
Kernighan (MLLK) [19]. The results can aso be foundin Appendix 2 where atable
presents the actual average length foundfor ead instance

Table 6.7.0Experiment settings:

Parameters Value
Search depth 20N
Refinement 3-Opt
Temperature deaement factor 0.95

Chanceof accepting move at start | 25%
Merging Method Grealy
Method of extraction BESTFIT

70



Table 6.7.1Presents the reference results

Name %ex S.A normal %ex S.A Greedy %ex MLLK
dsj1000 5.11 8.34 1.419
pr1002 5.33 7.02 2.093
ul060 5.29 6.29 1.703
vm1048 7.01 7.28 1.456
pcb1173 8.71 10.49 2.482
d1291 12.93 17.15 4.252
rl1304 7.25 9.89 1.282
rl1323 7.71 10.86 1541
nrwl379 6.11 7.97 1.49
11400 3.77 5.65 1.168
ul432 6.7 9.62 2.108
fl1577 4.88 11.31 2.71
d1655 11.16 13.17 2.377
vm1748 8.33 8.39 1.958
ul8l7 12.82 15.56 35
rl1889 8.12 9.23 2.227
d2103 14.97 15.22 3.961
u2152 13.66 16.04 3.15
u2319 4.97 7.26 0.599
pr2392 7.86 9.49 2.489
pcb3038 10.25 11.36 1.944
fI3795 8.74 8.15 1.668
fnl4461 9.96 8.54 1.46
r15915 17.21 14.05 2.152
r15934 16.96 12.77 1.936
pla7393 12 9.47 1.724
usal3509 18.19 9 1.586
brd14051 18.73 8.66
d15112 16.18 8.57
d18512 19.44 9.36

Comments:

The low quality in the larger instances is explained by the fad that the standard
Simulated Anneding did not read equili brium on these instances within the cnstrains
set by us. We can demonstrate this by comparing with the Greedy S.A where the quality
for the larger instances is within the same result area & for the small er instances. This
effect isaso visiblein the experiments where the diff erent seledion methods were tested,
where the Randam seledion produces a dealy weaker result. Thisis caused by the faa
that S.A does nat read equili brium for Randam seledion. The reason for this where that
not enough work had been dore on the larger instances before they reached the point of
freezing. Thiswhere observed by lowering the temperature before the freezang test
started. It was then passble observe that the quality improved for the larger graphs, but
not for the small er graphs. Sinceour goal was to produce atable where the same settings
were used for al i nstances, we kept the @ove values.
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Comparing the Resultswith Multi Level Linn Kernighan

It can be eaily read from table 6.7.1that our results have weaker quality than the results
produced by Multi Level Linn Kernighan (MLLK). SinceMLLK iswrap aroundthe
Concorde TSPsolver, we know that the refinement used in that scheme is perfected. By
observing the differences in quality produced by MLLK, we can seethat where MLLK
produces wedker then average results. We dso produce weaker then average results. This
holdsfor all i nstances, so the results are passhbly consistent.

But it looks like our results were wedkened by not perfect implementation d the
refinement method. This is one of the topicsin the next chapter.

Chapter 7 Concluding the Experiments

7.1 An Overview of the Experiments

In Chapter 5 the two developed coarsening schemes for the Travelling Salesman
Problem, Reaursive and Dired, were agued to hold the multil evel condtions from
Chapter 4. Therefore they could be used to test the diff erent aspects of the MLS.

Using the two dfferent coarsening schemes proposed, we where ale to test the diff erent
seledion methods developed. In the experiments where the diff erent selection methods
was compared, the methods that were former tour construction heuristics was the
champions, with the Greedy method as the one producing the highest quality.

By comparing the two dfferent coarsening schemes for the different seledion methods,
the Dired coarsening method poduced highest quality overall for all the different
seledion methods.

Sincethe Greedy method was the best selection methodfor the Dired coarsening scheme
aswell asfor the Reaursive marsening scheme, the best combination for a carsening
scheme for the Travelli ng Salesman Problem acacording to my experiments would be:
The combination d the Grealy seledion method and the Direct coarsening scheme.

7.2 The Quality Gap Between Direct and Reaur sive coar sening

One of the more interesting discoveries was the differencein quality produced between
the Reaursive and the Dired coarsening scheme. In the graph partitioning paper of N.
Bouhmala[18], it was $hown that the Dired scheme produced higher quality than the
Reaursive scheme. By the comparison d the two dff erent types of coarsening it was
interesting to olserve that this aso hdds for problems of the TSPtype.

When we compared the two dff erent coarsening schemesin Chapter 6, it is sown that
the Dired coarsening scheme propagates clearly a better solution than the Reaursive
version. Thisaso hdds when the Randam selection methodis used.
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Our observations can ony lead to ore wnclusion: Somewhere in the Recursive scheme
guality islost. Since the refinement method shoud perform equally for the two
coarsening schemes, we can assume that the quality isfor some reasonlost in the
extension step. We can identify where the quality islost in the Reaursive scheme, by
studying where the two diff erent methods perform most of their work.

The main dff erence between the two methods is the number of citi es added to the tour
for each un-coarsening step. Since Reaursive dusters are merged as binary trees, the
current graph size isdoulled for extension step. Thisleads to a problem in the last step
where the graphis expanded from 50% to 100% graph size. In the Direct scheme this
step size can be calculated by the formula (100'X) % where X isthe number of citiesina
Dired cluster. For an average value of 4, X would be ca25% approximately for the
Dired version. The step of 50% is probably too large for the extension methodto cope
with, and lessquality is propagated from the previous refinement step. This makes the
Reaursive methodtop heavy compared with the Dired version that spreads the work out
more evenly.

7.3 The Method of Extraction is Important

The extradion step is where the new start solution shall be aeated from the old refined
solution. This gep isimportant sinceit is here the quality foundin the last refinement
step shall be mnserved and propagated to next step. In Chapter 6 it was hown that it is
nat enough to just perform arandam placement. Comparing the two dfferent extradion
methods in Chapter 6, demonstrates that the simple BEST FIT methodtransfers a higher
quality from the lower level than the RANDOM method. The experiments performed on
the extension step demonstrate that in this gep, quality affecting the whole solution can
be lost.

7.4 The Best Selection Method was Greedy

The diff erence between Grealy and the other selection methods was nealy the same for
the diff erent coarsening schemes. Grealy outperformed all the different seledion
schemes, on rearly all the different graphs. This result could be anticipated sincethe
Gredaly seledion method was modell ed after the Greedy tour construction heuristic. The
Gredly tour construction algorithm is shown to functionwell in [1], and shown there to
produce higher quality tours than the Nearest Neighbou tour construction heuristic. We
anticipated that this result shoud hdd also for a seledion scheme based on the two
heuristics. Sincethe methods based ontour construction heuristics produced the best
results, it tell s us that more advanced tour construction heuristic can passbly be abase
for further studiesinto thisfield, see Appendix 4.

7.5 The Smulated Annealing Adaptation:
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To find auniversal setting for Simulated Anneding was problematic. The work
performed to find the different settings lead us to the foll owing conclusions: The best
permutation methodwas 3-Opt. Thisis demonstrated in the experiment described in
Chaper 6.6.3.Thetask of finding auniversal setting of seach length and temperature
settings was more difficult. Espeaaly a anstant setting for M in the seach length was
hard to identify, but an acceptable value was found in Chapter 6.6.1and further used to
producethe results for the referencetable. The temperature deaement factor was aso
hard to set corredly. Decreasing it always lead to an increase in quality but also an
increase in running time. Most authors recommended 0.991][21] and we chose therefore
to usethat value in the dl graph referencetable. In the comparing experiments the value
was %t to 0.99to create higher resolution, to be ableto dscern the trends better. The
correct settings for S.A were difficult to identify, and as discussed before, equili brium
was naot reached with ou version d Simulated Anneding for the larger graphs. This fad
can be explained by different factors but mainly it looks like the solution dd na readh
stabili ty before it was gopped by the freezing paint test. We can therefore conclude that
not enough work was performed by the refinement method onthe larger instances for it
to be ale to reach equilibrium onthem.

Chapter 8 Concluding the Thesis

In this paper two different schemes for the multil evel structure has been devel oped, tested
and compared with each ather. A set of seledion methods has been developed and tested
for the two MLS devel oped, and the best combination was found.The Simulated
Anneding was adapted to work in the ML environment and dff erent settings for S.A,
was tested urtil auniversal best was found. The best settings were used to produce a
reference table for further studies.

We foundthat the ML-Scheme with S.A did na produce aresult with the quality we
hoped for in the beginning of this project. The reasons were discovered and pesble
ways to work aroundthis problem is propcsed in Appendix 4 further research

paossbiliti es.
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Appendix 1 Methods Used in Detail

In this appendix some of methods used in our implementationis presented in pseudocode.
The objed isto give the reader a deeper understanding of some important structures, and
to complement the discussonin Chapter 5. For each method, there is presented a short
anaysis of spedal elements and aworst-case analysis.

Distance calculating between two cities (clusters)

To cdculate the distancefrom city A to city B, the euclidian distanceformulafor points
in the 2D planeis used:

Definition: The aiclidian distanceformula

For the 2 pantsin the plane (x,, y:) and (x,, ¥,) the distance between them equals
¥ [ ox) +(y-y) ) [20

From thisformulait is posgble to derive amethod for cdculating the distance between
two cities in constant time. Sincethe input type is symmetric, the order of the input
values A and B is not important.

Name: DIST CALC
Input: Two cities A, B.
Output: The distance between the two cities.

1i A (B(X)-A(x))
2j A (B(y)-AY))

3returnroot (i+)

Running time analysis:

All operations are mnstant time operations; this leads to a mwnstant running time.
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Length of Tour calculation

The length o atravelling salesman tour isthe sum of the length of every edge in the tour
se Chaper 1.1 To cdculate the tour length, the dgorithm walks the travelling salesman

tour. For each new edge the dgorithm traverses, the length of the edgeis added to the
sum of the tour length.

Name: TOUR LENGTH
Input: A TOUR
Output: Thetotal length of the TOUR

1 whileal edgesin TOUR are nat yet visited
1.1 Get next unvisited edge form TOUR
1.2.1AA Start edge dty
1.2.2BA Endedge dty
1.3 dstA dist + Dist Calc (A, B)
2return dist

The diredion and the starting point of the traversal isnat important sincethe instance is
symmetric and euclidian, and aslong as all the edges are visited this method will produce

the length of the tour.
Running time analysis:

Sincethe distance calculation is constant, this operation can be done time order O(N)
where N isthe number of citiesin the TOUR.
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Nearest Neighbour coar sening

For each o the seledion methods, we have chosen presented them in the Recursive
structure. By comparing the methods with the Direct structure presented in Chapter 5itis
easily seen how these seledion methods can be @mnverted to the Dired scheme.

Name: Nearest Neighbour
Input: MAP
Output: A coarsened level

1.Whilestill unmerged clustersin MAP
1.1Seled arandan cluster A from MAP
1.2 for al unmerged citiesin MAP
1.2.1 Seled B the neaest cluster to A
1.3Merge(A, B)
1.4 Set AB as merged

Comments on operations:

Line1.2.1 Thiscan bedoneintwo dfferent ways, ether with a pre-generated distance
matrix or by finding the best distancefor each merging. This does not aff ect the order of
the running time because the aeating of the distance matrix takes an arder O(N ) runnng
time. In pradicethe running timeisin fad shorter for the second option sinceN
deaeases by two for every iteration.

The running time of the algorithm
Theloopinline 1isexeauted N/2 times, theloopinline 1.2is exeauted N-I times for
ead iteration d N where | increase with 2for each time the loopis exeauted. The

merging operationis constant. So the running timeis of order O(N?), where N isthe
number of cities.
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Greedy coarsening

Name: GREEDY
Input: MAP
Output: A coarsened level

1for al citiesin MAP
1.1 Generate entriesin the distance matrix
2for dl citiesin MAP
2.1 Locate the shortest edge
2.2 Addit to the shortest edge list
3. Whilestill unmerged citiesin MAP
3.1for all unmerged citiesin map
3.1.1locae the shortest edge in the shortest
edgelist.
3.2Let A and B be the vertexes conreded to the edge
3.3MERGE(A ,B)
3.4 Update the shortest edge list

Comments:

Line1: Entriesinthe distance matrix are foundfor ead city by cdculating the distance
to al other cities onthe map. Sincethe problem is symmetric only the upper triangular
part of the heuristic needs to be cdculated.

Line 2: This creaes alist where the shortest edge for each city/cluster is gored.

Line 3.4 The updkte step isto locae dl of the shortest edges with ore of the removed
cities/clusters as endpants.
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Running time analysis:

Generating distancematrix inline Lisdorein O(N ) time. Creding the Shortest edge
Listisdorein O(N ) time. Theloopin line 3 is exeauted N/2 times. The Loopinline 3.1
isexeauted for N-I times where | increase with two for each exeaution where N isthe
number of cities. Line 3.4 hasarunning timein K*N where K isthe number of edgesto
be updated and K is usually much smaller then N but it is possbleto have avalue dose
to N.

This gives us atotal running time of O(N?*K). It isalso possble, by using aheg
structure for each nodk, to get arunning time of O(N?ogN). But it is not necessarily

worth the extraimplementation work sinceK is usually much smaller then N.

Max Min coar sening
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Name: MAXMIN
I nput: MAP
Output: A coarsened level

1for al citiesin MAP
1.1 Generate entriesin the distance matrix
2for dl citiesin MAP
2.1 Locate the shortest edge
2.2 Addit to the shortest edge list
3. While still unmerged citiesin MAP
3.1 for al unmerged citiesin MAP
3.1.1locae the longest edge in the shortest
edgelist.
3.2Let A and B be the vertexes conreded to the elge
3.3MERGE(A,B)
3.4 Update the shortest edge list




Comments:

Line 1: Entriesin the distance matrix are foundfor ead city by cdculating the distance

to al other cities onthe map. Sincethe problem is symmetric only the upper triangular

part of the heuristic need to be cdculated.

Line 2: This creaes alist where the shortest edge for each city/cluster is gored.

Line 3.4 The update step isto locae dl shortest edges where the endpants was one of
the removed citi es/clusters.

Running time analysis:

Generating distancematrix inline 1 isdorein O(N ) time. Creding the Shortest edge
Listisdorein O(N ) time. Theloopin line 3 is exeauted N/2 times where N isthe

number of cities. The Loopin line 3.1is exeauted for N-I times where | increase with two

for each exeaution. Line 3.4 has arunning timein K*N where K is the number of edges
to be updated and K is usually much smaller then N but it is posgble to have avalue

closeto N. Thisgivesus atotal running time of O(N*K).

Square coar sening

Name: SQUARE

I nput: MAP

Output: A coarsened level
1 cdculateh

2 generate the buckets for bucket sort
3for al citiesin MAP
3.1sort the dtiesin to the buckets using bucket sort
4 for ead bucket
4.1 Merge with the doses vacant cluster within the
bucket or one of the aljacent buckets.
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Comments:

Line 2: The number of buckets nealsto be caculated to be equal to the number squares.

Line 3.1 By comparing the position d the dty/cluster it is draightforward to cdculate

which bucket the dty/cluster is placed within.

Line4.1 This gep merges the daties/clusters within ead bucket, by a merging method.
The same method as C.Walshaw seleding the dosest cluster/city where used.

Running time analysis

Inline 1l hiscaculated in constant time. The cdculation d the size of the bucket isdone

in constant time. Theloopin line 3 is exeauted N times.

Therunning time of line4 and4.1 M*L where M is the number of buckets and L isthe
running time of merging the dties within ead bucket giving us aworst case of O(N?).

Radius coarsening

Name: RADIUS

I nput: MAP

Output: A coarsened level
1 Calculate h

1.2rA h/2

2 while still unmerged citiesin MAP

2.1randamly seled a aty A from MAP
2.2while nomerge candidate had been found
2.2.1 pck anew B from MAP
2.2.2if Dist Calc (A, B)<r
2.2.2.1merge canddate found
2.3MERGE(A,B)
2.4remove A and B from MAP

2.5if nomerge was found remove A from MAP

84




Comments.
Line1: hiscdculated as explained for Square.

Line 2.5 If there was no city/cluster within the radius the aty/cluster isremoved and
canna be merged before h isincreased, in the next level of merging.

Running time analysis:

Inline 1 h can be cdculated in constant time. The loopin line 2 is exeauted nomore then

N/2 times. The Loopinline 2.2is exeauted lessthen N
This gives us aworst case running time of O(N?).

Random coar sening

Name: RANDOM
I nput: MAP
Output: A coarsened level

1 while still unmerged citiesin MAP
1.2Seled arandan cluster A from MAP
1.3Seled arandan cluster B from MAP
1.4MERGE(A, B).
1.5Remove A and B from MAP

Running Time analysis

Line 1 isexeauted N/2 times and isthe only line in the heuristic without constant running

time this gives us atotal running time of O(N).
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RANDOM Extension

Name: RANDOM
Input: TOUR
Output: Extended TOUR

1 for ead cluster in the tour
1.2EXTRACT (AB)
1.3i ARANDOM (1,2
14ifi==
1.4.1add the new edge A-B to TOUR where the
cluster A was
1.5ese
1.5.1add the new edge B-A to the TOUR where the duster A was

Running Time:

Theloopin Line 1 isexecuted N timeswhere N is the Number of Clusters before
the extradion. All other lines are constant time operations. So the running timeis O(N).
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Best Fit Extension

Name: BEST FIT
Input: TOUR
Output: Extended TOUR

1 for ead cluster in the tour
1.2 extrad the duster in to two clusters A and B
1.3xA Dist Calc (X, A)+ Dist Calc (A, B)
+ Dist Calc (B, Y)
1.4yA Dist Calc (X, B)+ Dist Calc (B, A)
+ Dist Calc (A, Y)
1.5if x<=y
1.5.1add the new edge A-B to TOUR where the
cluster A was
1.6else
1.6.1add the new edge B-A to the TOUR where the

cluster A was

Comments:

Line 1.3 andline 1.4 cdculates the distance of the two li ne segments.

Line 1.5%Line 1.6.1compares the length of the two line segments and inserts the
shortest configuration to the tour.

Running time:

Theloopinline 1isexeauted N timeswhere N isthe Number of Clusters before the
extradion. All other lines are @nstant time operations. So the running time is O(N).
But the constant fador in BEST FIT islarger than RANDOM.
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Exchange permute

Name:

EXCHANGE PERMUTATION

Input:

TOUR

Output:

The hanged TOUR, and new length of
tour

1 randamly seled a dty A from TOUR

2 remove A from TOUR

3 add A to TOUR in the position lkefore the next cluster
4 Recdculate the length of the tour

2.5-Opt

Name:

2.50PT PERMUTATION

Input:

TOUR

Output:

The thanged TOUR, and new length of
tour

1 randamly seled two citiesA and B
2 remove A from the tour
3 add A inthe position kefore B in the tour

4 recdculate the new tour length
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2-Opt permute

Name: 2-OPT PERMUTATION

Input: TOUR

Output: The dhanged TOUR, and new length of
tour

1 randamly seled two clusters A and C from TOUR
2 remove the alge from A to cluster B

3 remove the edge from C to cluster D

4 Addanew edgefromAtoC

5Addanew edgefromB toD

6 Recdculate the length o the new tour

3.3.2.5 3-Opt permute

Name: 3-OPT PERMUTATION

Input: TOUR

Output: The hanged TOUR, and new length of
tour

1 Randamly select 3 different cities from thetour A, Cand E
2 Remove algesfromAtoB,CtoD andEtoF
3 Find the best posshble way to reconned TOUR
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Comments:
Line 3: Because there ae 6 dfferent ways to reconned the graph legally after 3 edges are

cut, the move gain for each of those has be cdculated and compared to find the best
solution.

Appendix 2 Result table

Name S.A Normal(1) S.A Greedy(2) Optimal length
dsj1000 19613159 20216530.52 18659688
prl002 272862.73 277220.67 259045
ul060 235944.97 238191.4809 224094
vm10438 256078.24 256719.3151 239297
pcb1173 61848.223 62860.5487 56892
d1291 57371.282 59511.17548 50801
rl1304 271277.96 277965.7688 252948
ri1323 291025.98 299537.9101 270199
nrwl379 60100.395 61150.88654 56638
11400 20885.55 21264.89033 20127
ul432 163213.2 167692.594 152970
fl1577 23333.946 24766.09718 22249
d1655 69061.857 70309.77203 62128
vm1748 364580.26 364802.4836 336556
ul8l7 64533.316 66102.95033 57201
rl1889 342234.95 345766.3542 316536
d2103 92496.5 92691.6606 80450
u2152 73030.23 74557.65995 64253
u2319 245902.62 251266.8863 234256
pr2392 407729.38 413914.7589 378032
pcb3038 151807.13 153334.2312 137694
fI3795 31286.647 31117.32661 28772
fnl4461 200743.01 198161.0175 182566
r15915 662873.8 644962.8326 565530
r15934 650353.49 627027.908 556045
pla7393 26062569.6 25473219.03 23269728
usal3509 23617121.55 21780588.88 19982859
brd14051* 557269.7909 510009.7391 469375
d15112* 1827542.619 1707873.612 1573040
d18512* 770659.0438 705598.9887 645230
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Appendix 3TSPLIB

This table halds the diff erent instances used from the TSPLIB padkage.
The table shows the name of the instance, the size of the instance and ogimal length.
The instances marked with * iswithin +/- 0.08% of optimal length.

Name Size Optimal

dsj1000 1000 18659688
prl002 1002 259045
ul060 1060 224094
vm10438 1048 239297
pcb1173 1173 56892
d1291 1291 50801
rl1304 1304 252948
ri1323 1323 270199
nrwl379 1379 56638
11400 1400 20127
ul432 1432 152970
fl1577 1577 22249
d1655 1655 62128
vm1748 1748 336556
ul8l7 1817 57201
rl1889 1889 316536
d2103 2103 80450
u2152 2152 64253
u2319 2319 234256
pr2392 2392 378032
pcb3038 3038 137694
fI3795 3795 28772
fnl4461 4461 182566
r15915 5915 565530
r15934 5934 556045
pla7393 7393 23269728
usal3509 13509 19982859
brd14051* 14051 469375
d15112* 15112 1573040
d18512* 18512 645230




Appendix 4 Further Research Posshbili ties

Other Refinement M ethods

Further studies shoud investigate the impad of diff erent refinement methods with the
best scheme foundin this study. An interesting possbility isto developa ML interface
for the Direct Multil evel scheme to the perfected Linn-Kernighan program Concorde [22]
developed by a Princeton research group.

Other interesting posshiliti es are to use the ML-Scheme in a study of more 2exotic®
refinement algorithms for exampl e the genetic refinement mentioned in Chapter 3.4.

The Extension Step and The coar sening Step

From the comparing of the different MLS developed, isit obvious that quality most likely
islost in the extension step. A further research possbility isto improve the method d
extradion to exped more the way that particular edge shoud be inserted. Sincethe best
seledion methods were adaptations of different tour construction heuristics, another
possble research subjed could beto look for other tour construction heuristics that are
adaptable to the MLS.

Another ML-Structure

Ancther posshility isto change the way we look at clusters and thereby remove the
problem we have seen with the extension. Sincewe loose quality when we increase the
graph size by splitti ng clusters and thereby adding new edges to the tour, one posshili ty
isto creae aMultil evel scheme that works on afully extended graph. Where it instead of
merging cities into clusters, locks city conredionsin to place Then the dusterswould be
organized asrigid line segments in the tour, where the length o the line segment is
known. This Dlution let the refinement work with a full-length tour but holds the
conditions for the Multil evel scheme, sinceit coarsens the problem by just letting afew
edges be freefor change. This lves the extension problem becaise the extensionfor
such aproblem would be to free @lgesinstead of adding new edges to the tour, and no
quality of the previous lutionislost becaise of the insertion d new edges.

Therefore it shoud beinteresting to test the seledion methods we have developed for
such ascheme.
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Appendix 5List of Abbreviations

CW Clark- Wrigth

LK Lin-Kernighan

MLLK Multil evel Lin-Kernighan

MLS Multilevel Scheme

NP Non-deterministic Polynomial Time; Seedefinition 2.1.2
P Polynomial Time; Seedefinition 2.1.1

SA Simulated Anneding

TSP Travelli ng Salesman Problem

TS Tabuseach

N.N Neaest Neighbou

Appendix 6 Abstract

The Travelli ng Salesman Problem is one of the intriguing problems from the world of
computational complexity. In this paper a new structure for solving computational hard
problems; the Multil evel scheme, isintroduced.

By using the Multil evel scheme mmbined with the large resource of existing studies of
the Travelli ng Salesman Problem, we whished to seeif the Travelli ng Salesman problem
could be solved by using the Multil evel scheme. By developing and studying todls, we
will try to refine the eventua quality produced by the Multil evel scheme.

The Multil evel schemeis atednique, which limits the problem size in such away that a
refinement method can be used ona small er problem. The refinement on the smaller
problem can then be used to solve the original problem with higher quality.

We foundthat it was passble to use the Multil evel scheme on the Travelli ng Salesman
Problem. We dso foundand studied toadls that can be used in further studies; we
identified also dredions and ideas in areas where new tedhniques for improving the
results with the Multil evel scheme can be found.By comparing different Multil evel
scheme structures we found that they differed in quality, our research can therefore dso
be interesting for other problems where the Multil evel scheme can be used.
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